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ABSTRACT

Stability, realism (accuracy), and efficiency (parallelism) are the three most crucial prop-

erties of a physics-based simulator. Despite substantial research and significant advance-

ments in physics solvers over the past decades, current methods still struggle to deliver

all three. Convergent methods provide precise solutions to physics equations, but they

are less stable and usually require solving a global system, leading to poor parallel per-

formance. Conversely, GPU-based parallel solvers, such as Extended Position Based Dy-

namics (XPBD), simplify the physics equations and omit important system information,

resulting in a failure to converge to the true physics equations, losing realism. Stability,

on the other hand, is always a challenge for all those methods, particularly with strict

computation budgets.

This dissertation introduces a novel solver named Vertex Block Descent (VBD), a highly

parallelizable solver for the variational form of implicit Euler through vertex-level Gauss-

Seidel iterations. VBD operates with local vertex position updates that reduce global vari-

ational energy while maximizing parallelism. This creates a physics solver that achieves

numerical convergence with unconditional stability and exceptional computational per-

formance.

My work also includes accurate and efficient solutions for handling collisions. This

dissertation also proposes a formal definition of the shortest boundary paths for self-

intersecting objects and develops a robust algorithm for computing these paths. This

method provides a well-defined collision energy for self-colliding models, effectively solv-

ing collisions in simulations of deformable volumetric objects. Then this collision res-

olution is extended to codimensional objects such as cloth and strands, implementing

a universal collision energy applicable to various geometries, named Offset Geometric

Contact (OGC). OGC offers computationally-efficient physics simulations with guaranteed

collision-free results. It is more than 100x faster than the alternative methods such as the

Incremental Potential Contact (IPC) method and it entirely avoids the non-orthogonal con-



tact forces that IPC can generate, which can lead to severe visual artifacts. Consequently,

the resulting contact energy of OGC is much less stiffer than IPC’s. Coupled with a novel

trust region based optimization method, it can simulate challenging contact scenarios with

unprecedented complexity and do so within a matter of milliseconds.

My work made the physics-based simulation orders of magnitude faster than previous

methods, while providing unconditional stability for and penetration-free guarantee in

highly stressful simulations with extremely large numbers of collisions.

Additionally, my work includes creating high-resolution deformation capture systems

to collect real-world data on non-rigid objects for studying registration. This enables

driving simulations with real data and facilitates the study of inverse physics problems.

iv





CONTENTS

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

CHAPTERS

1. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Zero-Compromised Simulator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Collisions of Volumetric and Codimensional Objects . . . . . . . . . . . . . . . . . . . . 3
1.3 Obtaining High-Quality Data of Deformation to Calibrate the Simulator . . . . 6

2. BACKGROUND . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1 Fundamental Problem of Physics-Based Simulation . . . . . . . . . . . . . . . . . . . . . 8
2.2 Solvers for Physics-Based Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 Collision Resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.4 Capturing Deformation of Non-Rigid Objects . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3. VERTEX BLOCK DESCENT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.1 Vertex Block Descent for Elastic Bodies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2 GPU Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 VBD for Other Simulation Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4. SHORTEST PATH TO BOUNDARY FOR SELF-INTERSECTING MESHES . . . 58

4.1 Shortest Path to Boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.2 Collision Handling Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5. OFFSET GEOMETRY CONTACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.1 Contact Force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.4 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6. CAPTURING DETAILED DEFORMATIONS OF NON-RIGID OBJECTS . . . . . 132

6.1 System Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
6.2 3D Reconstruction of Labeled Points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
6.3 Data Acquisition and Neural Network Training . . . . . . . . . . . . . . . . . . . . . . . . 145



6.4 Filling Missing Observations with Refined Body Model . . . . . . . . . . . . . . . . . . 146
6.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
6.6 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

7. CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

APPENDICES

A. PROOF OF THEOREMS FOR SHORTEST PATH TO SURFACES . . . . . . . . . . . 175

B. DATA GENERATION AND ANNOTATION FOR OUR CAPTURE SYSTEM . . 179

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

vii



LIST OF TABLES

3.1 Performance results and simulation parameters of VBD . . . . . . . . . . . . . . . . . . . 57

4.1 Performance results of shortest path algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.1 Peformance results and simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.1 Composition of our training data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

6.3 Confusion matrix on training set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.4 Confusion matrix on the test set A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.5 Confusion matrix on the test set B (printed suit)). . . . . . . . . . . . . . . . . . . . . . . . . 171

6.6 Classification accuracy for RecogNet trained with/without synthetic training
data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.7 Comparison of classification accuracies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.8 Comparison of mean localization errors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.9 Comparison of text recognizers’ prediction accuracies. . . . . . . . . . . . . . . . . . . . . 171

6.10 Percentiles of reprojection errors computed per camera for all the reconstructed
points in a consecutive sequence of 10000 frames. . . . . . . . . . . . . . . . . . . . . . . . . 172



CHAPTER 1

INTRODUCTION

Physics-based simulation is a fundamental component of most computer graphics ap-

plications, and the demands for improved stability, faster computational performance, and

enhanced visual realism continue to grow. Despite substantial research and significant

advancements in physics solvers over the past decades, current methods still fall short,

typically meeting only one or a select few of these requirements. Particularly in real-time

graphics applications, the stability and performance requirements are so strict that accu-

racy can sometimes be begrudgingly considered of secondary importance.

However, emerging fields such as AR/VR, artificial intelligence, robotics, and autonomous

driving are placing a heightened emphasis on the accuracy of real-time simulators, because

those applications usually involve interacting with the real world. At the same time, the

efficiency and stability of solvers remain uncompromisable in these applications. This is

because these applications are inherently real-time or require handling massive datasets

or facilitating online training with the simulator running on the fly.

In traditional computer graphics applications focused on animation, the accuracy of

the simulator is often measured by visual plausibility, as the primary goal is to produce

animations that appear realistic to human observers and meet the aesthetic preferences of

artists. This typically requires the simulator to at least roughly approximate the physical

properties of the simulated object and provide a solution using a time integration formula

derived from those properties. Often, the simulator does not converge to the ground-truth

solutions of the time integration formula, but retains some residuals due to the limitations

of the computational budget. This is usually okay, because humans are not capable of

recognizing those residuals.

However, in applications where the simulator interacts with the real world or is re-

quired to provide accurate results that resemble the real world, the demand for accuracy
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becomes much more stringent. In these scenarios, accuracy is a 2-layer measurement.

Firstly, the simulator must efficiently converge to the ground truth solutions of the time

integration formula. This ensures that the simulator can replicate the real-world scenario

with the given parameters with a reasonable degree of fidelity based on the precision

of the time integrator and the material model used. However, accurately replicating a

scenario does not guarantee that the simulation results will precisely mirror the real world,

as inaccuracies in input parameters—such as material properties, collision and friction

parameters, and constraints—can skew results. This is often referred to as inverse physics

problems, where the simulator needs to deduce the simulation parameters based on real-

world observation. The reliability of these parameters heavily depends on the simulator’s

ability to reach convergence; without accurate convergence, even well-estimated parame-

ters may fail to produce valid results. Therefore, the second layer of accuracy depends on

the first layer of accuracy.

1.1 Zero-Compromised Simulator
My work focuses on improving both layers of those accuracy measures, without sac-

rificing efficiency and stability. The most fundamental step would be to propose a new

simulator that meets all of those previously mentioned requirements. We make this step

by proposing a novel solver named Vertex Block Descent (VBD) [1], which is specifically

designed to offer all the desired properties: highly efficient and parallel computation,

unconditional stability and exceptional convergence rate.

VBD can adhere to strict real-time computation constraints by adjusting the iteration

count, without compromising its stability. It utilizes a second-order block coordinate de-

scent method applied at the vertex level through Gauss-Seidel iterations to solve the vari-

ational form of the implicit time integrator. For the dynamics of elastic bodies, the method

iteratively processes each mesh vertex independently, adjusting its position while keep-

ing all other vertices fixed. This approach allows for significant parallelism, particularly

when integrated with vertex-based mesh coloring. This coloring technique can reduce

the number of necessary serialized workloads by an order of magnitude compared to

element-based parallelization strategies. Our local position-based updates can ensure that

the variational energy is always reduced. As a result, our method remains stable even with
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a single iteration per timestep and can handle large timesteps with solutions that contain

significant unresolved residuals. With additional iterations, the VBD method converges

more rapidly than alternative solutions, making it more feasible to fit within specified

computational budgets while still ensuring stability and enhanced convergence rates.

VBD is a general solution that can be used for a variety of simulation or geometry

problems, we present and evaluate it in the context of elastic body dynamics. We provide

all essential components of using VBD for elastic body dynamics, including formulations

for damping, constraints, collisions, and friction. We also introduce a simple initialization

scheme to warm-start the optimization and improve convergence. In addition, we discuss

momentum-based acceleration techniques and parallelization in the presence of dynamic

collisions.

1.2 Collisions of Volumetric and
Codimensional Objects

With the new solver VBD, we can efficiently and accurately solve the simulation equa-

tions. However, the equations themselves may sometimes be improperly defined. We

found that collision energy, particularly self-collision energy, has significant issues that

cause deviations from real-world physics. Addressing these issues is essential for achiev-

ing more accurate simulations.

1.2.1 Proper Collision Energy for Self-Intersecting
Volumetric Models

Although self-intersections are often highly undesirable, they are commonplace in com-

puter graphics. They can appear due to the limitations of modeling techniques, anima-

tion methods, or manual editing operations. Even physics-based simulations with self-

collision handling are not immune to self-intersections, as most of them cannot guarantee

an intersection-free state.

Notwithstanding the amount of work on self-intersection handling within physics-

based simulations, it still remains a challenge in most cases. Continuous collision detection

techniques [2] require starting with and maintaining an intersection-free state; therefore,

they must be used with computationally-expensive methods that can always resolve all

self-intersections and they fail when combined with cheaper techniques that are unable to
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do so. Methods that split an object into pieces [3] turn the self-intersection problem into

intersections of these separate pieces, entirely avoiding the self-intersection problem, and

they fail to resolve self-intersections within a piece. Methods that solve self-intersections

using an intersection-free pose [4] not only require such a pose, but also become inac-

curate as the objects deform and fail with sufficiently large deformations and deep pen-

etrations. Therefore, none of these methods provides a robust and general solution for

self-intersections.

we present a method that robustly and efficiently finds the exact shortest internal path of

a point inside a mesh to its boundary, even in the presence of self-intersections and some

inverted elements. We achieve this by introducing a precise definition of the shortest path

to the mesh boundary, including points that are both on the boundary and inside the mesh

at the same time, an unavoidable condition with self-intersections. Our approach works

with tetrahedral meshes in 3D (with boundaries forming triangular meshes) and triangular

meshes in 2D (with polyline boundaries). We demonstrate that one important application

of our method is solving arbitrary self-intersections after they appear in deformable simu-

lations, allowing the use of cheaper integration techniques that do not guarantee complete

collision resolution.

Our method is based on the realizations that (1) the shortest path must be fully con-

tained within the geodesic embedding of the mesh and (2) it must be a line segment

under Euclidean metrics. Based on these, given a candidate boundary point, our method

quickly checks if the line segment to this point is contained within the mesh. Combined

with a spatial acceleration structure, we can efficiently find and test the candidate closest

boundary points until the shortest path is determined. We also describe a fast and robust

tetrahedral traversal algorithm that avoids infinite loops, needed for checking if a path

is within the mesh. Furthermore, we propose an additional acceleration that can quickly

eliminate candidate boundary points based on local geometry without the need to check

their paths.

1.2.2 Accelerated Penetration-Free Simulation
for Codimensional Objects

The work on the shortest path in self-intersecting objects provides an effective solution

for handling intersections in simulations of deformable volumetric objects. However, this
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penetration-depth-based solution does not work for simulation of codimensional objects,

where penetration is strictly prohibited. Consequently, penetration depth-based collision

energy cannot be used in these simulations.

To address these challenges, we extended the shortest path algorithm to codimensional

objects. The basic idea behind this is to inflate the codimensional body to a volumetric

body, thus defining penetration depth. However, guaranteeing penetration-free simula-

tions remains a significant challenge.

Despite significant advancements in penetration-free simulations, such as Incremental

Potential Contact (IPC) [2], a critical problem remains: the computational cost. IPC-based

simulators and their derivatives are usually orders of magnitude more expensive than

alternative methods that do not provide such a guarantee. Moreover, the computational

cost of those methods depends on each time step’s state and is highly uneven. These issues

prevent penetration-free simulations from being used in many applications, especially

those requiring real-time performance.

The problem comes from two main factors: the collision energy is very stiff, making

convergence difficult, and expensive procedures such as line search and collision detection

must be incorporated into every iteration of the simulation to ensure penetration-free

conditions.

The stiffness arises from the necessity of preventing penetration. To ensure the contact

force is always strong enough to push objects apart, it must be able to become infinitely

large as objects approach each other. This requires the contact force to transition from

zero to infinite within the contact radius. This issue becomes particularly severe when the

contact radius is very small.

In this work, we identify a geometric limitation of IPC: the resultant normal contact

force may not always be orthogonal to the surface, potentially leading to artifacts. To

address this, IPC employs a scheme that adaptively reduces the contact radius during the

optimization process until it becomes extremely small. However, this further increases the

stiffness of the contact energy.

IPC uses continuous collision detection (CCD) based technique to prevent collision.

This technique applies a CCD on the optimization step the simulation solver provides, and

culls it before the earliest intersection happens. For GPU implementation, this procedure is
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a global operation that requires synchronization and hinders parallelism. CCD is applied

at every iteration, which is very expensive. Moreover, the CCD-based intersection filter

halts the global optimization step at where the earliest intersection happens, meaning a

local intersection stops the progress of all other points, even if those points are still far

from intersecting. This could reduce the solver’s efficiency, since each iteration can be

computationally expensive, and the shortened optimization step induced by CCD results

in more iterations.

1.3 Obtaining High-Quality Data of Deformation
to Calibrate the Simulator

Now that we have a simulator that accurately converges to the physics equations de-

scribing objects’ dynamics and includes a robust collision handling scheme, the simulation

may still not perfectly resemble reality. This discrepancy arises because the simulation

parameters are manually set and might not match the real ones.

Direct measurement can obtain these parameters, but this is often impractical when the

simulated object is inaccessible. Instead, deducing parameters from recorded deformation

data is more feasible. However, not all data types are suitable for optimizing simulations.

Deformable body physics, which relies on ”deformation”—a mapping between a 3D tem-

plate shape and its deformed state—requires specific data types.

Consumer-grade depth sensors like Kinect or RealSense capture high-resolution shapes

of deformed objects, producing point clouds with millions of points. However, this un-

structured data lacks a consistent template mesh and frame-to-frame correspondence, mak-

ing it unsuitable for analyzing deformation energy. The required data must be tempo-

rally consistent, maintaining correspondences across frames and between the template

and deformed shapes. This data tracks motion trajectories of points on the 3D template,

whose structure remains consistent throughout deformation, enabling efficient and robust

deformation analysis.

Two main methods obtain temporally consistent data. One involves starting with

unstructured input and using template model registration to establish temporal corre-

spondences. This method is computationally intensive, primarily focusing on solving

correspondences and relying on accurate initial guesses, which can lead to error accumu-
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lation. The other method involves directly capturing correspondence through a specially

designed capture system. I explored this approach in my Siggraph 2021 paper, where

we focused on capturing the human body, a critical deformable object. Our system uses

a specially designed pattern to add essential textural information to the human body, en-

abling direct temporal-correspondence solving through a deep-learning/graphics-coupled

capture framework.

This work increases the number of captured points by 100 times compared to opti-

cal motion capture, providing a robust solution that reduces or eliminates manual post-

processing. To our knowledge, it is the first motion capture system to directly capture

thousands of moving points from the human body in motion.



CHAPTER 2

BACKGROUND

2.1 Fundamental Problem of Physics-Based Simulation
Implicit time integrator are widely accepted as the primary methods for simulating

elastic bodies in computer graphics due to their exceptional stability, especially when

addressing stiff problems. Among these options, backward Euler [5, 6, 7, 8] is the most

commonly utilized method.

Given a system with K vertices, we represent the state of our simulation at step t as

(xt, vt), where xt ∈ R3N and vt ∈ R3N are the concatenated position and velocity vectors,

respectively. The basic form of backward Euler is:{
xt+1 = xt + hvt+1

vt+1 = vt+1 + h(aext + M−1f(xt+1, xt+1))
(2.1)

where M is the mass matrix, aext is the fixed external acceleration, h is the time step, f

is the forces applied on objects that are a function of the future positions xt+1 and future

velocities vt+1. For simplicity, we omit the time step and write xt+1 and vt+1 as x and v.

We observe that x and v have a linear relation. Therefore we can substitute v using x,

and rewrite Equation 2.1 as:
1
h2 M(x− y) + f(x) = 0 , (2.2)

and

y = xt + hvt + h2aext (2.3)

is the inertia of the system. Equation 2.2 is the non-linear equation of x, where the non-

linearity comes from the formulation of f(x). Intuitively, this problem can be solve by

linearizing f [5], and solve the corresponding linear equation:

∆x = −(∇f)−1(
1
h2 M(x− y) + f) , (2.4)

then xnew = x + ∆x will be the position that satisfies Equation 2.2 assuming linearity of

f. However, in real applications, f can be very nonlinear. Therefore, directly taking the
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full step ∆x may not be stable. To solve this problem, we can convert Equation 2.2 into a

optimization problem:

x = argmin
x

G(x) , (2.5)

where G(x) is called the variational energy:

G(x) =
1

2h2 ∥x− y∥2
M + E(x) . (2.6)

where

E(x) = Ee(x) + En(x) + . . . (2.7)

is a potential energy such that f = ∇E. E(x) can consist of multiple energies, such as elastic

energy Ee and collision energy En(x). Note that this requires f to contain only conservative

forces. Furthermore, this optimization can contain constraints:

G(x) =
1

2h2 ∥x− y∥2
M + E(x) (2.8)

s.t. a(x) = 0 (2.9)

b(x) ≤ 0 (2.10)

c(x) > 0 , (2.11)

where a is bilateral constraints and b(x) and c(x) are unilateral constraints. The constraints

puts special requirements to the trajectory of the vertices. A speicific case of the unilateral

constraint is a penetration-free constraint:

di,j((1− λ)xt + λx) > 0), ∀i ̸= j, i, j ∈ B; λ ∈ [t0, t0 + h] (2.12)

where di,j is the distance between two primitives i, j, and B is the set of all the surface prim-

itives of the object. This constraint ensures that the object does not have an intersection at

any time between step t and step t + 1.

The optimization form allows a lot of optimization techniques to be applied to solving

Equation 2.8 to ensure stability, such as doing a line search on ∆x, or applying a position-

definite projection on ∇f to make sure that ∆x is actually a descent direction.

2.2 Solvers for Physics-Based Simulation
There is a large body of work on physics-based simulation in computer graphics. Here

we only discuss the recent and the most relevant work.
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Implicit time integrators are widely accepted as the primary methods for simulating

elastic bodies in computer graphics due to their exceptional stability, especially when

addressing stiff problems. Among these options, backward Euler [5, 6, 7, 8] is the most

commonly utilized method, though other approaches like implicit Newmark [9, 10, 11],

BDF2 [12, 13], and implicit-explicit [14, 15] have also been explored. Backward Euler is

often approximated as a single Newton step, solving a linear system of equations [5]. Line

search can be applied to improve robustness [6]. Preconditioning [16] or positive-definite

projection [17] can be used to improve convergence. To circumvent a full linear solve for

every Newton step, Cholesky factorization [18] emerges as a viable strategy. Techniques

like multi-resolution [19, 20] or multigrid [21, 22, 23, 24, 25] solvers project finer details

onto a coarser grid with fewer degrees of freedom, effectively reducing the computational

cost of the linear system solver.

Additionally, stiffness warping [26] repurposes the stiffness matrix from the rest shape

to handle significant rotational deformations. Using a quasi-Newton method [27] with an

approximate Hessian can be far more cost-effective for computing its inverse with prefac-

toring than the actual Hessian. Example-based dynamics has also been explored [28, 29, 8],

where the deformation energy is defined based on the nearest point in the example space.

Projective Dynamics [30] represents deformation energy via a series of constraints that can

be solved independently, then synchronized either through a prefactorized global step to

accelerate convergence.

The relation between dynamics, energy, and minimization has been leveraged in vari-

ational integrators [9, 31, 32, 33, 34]. Reformulating backward Euler to an optimization

problem combined with optimization techniques to allows the usage of large steps [8, 35].

Domain-decomposed optimization for solving the nonlinear problems of implicit numeri-

cal time integration can accelerate convergence [36]. Yet, the optimization formulation has

its drawbacks, notably the varying problem formulation and initial positions in each step.

Consequently, achieving consistent convergence within a fixed time budget becomes chal-

lenging. Real-time simulators compromise by accepting partially converged results, which

visually resemble the final solution. Unfortunately, this compromise can lead to significant

visual artifacts mainly due to retained residuals from earlier steps, which can accumulate

across frames and can jeopardize the solver’s stability. In contrast, our method VBD,
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demonstrates exceptional stability even when retaining a substantial amount of residual

with a limited number of iterations.

Position-based dynamics methods (PBD [37] and XPBD [38]) convert forces into (soft)

constraints and directly update the positions with Gauss-Seidel iterations operating on one

constraint at a time. These position-based updates result in exceptional stability, which

is often exploited by limiting the number of iterations to fix the computation cost, an

effective strategy for real-time simulations. Akin to PBD, VBD also works with position

updates, but operates directly using the force formulations without converting them to

constraints. Parallelization with XPBD is achieved by graph coloring the constraints (i.e.,

the dual graph) [39, 40, 41]. However, this dual graph contains multiple times more

connections (depending on the types of constraints) than the original graph of vertices,

severely limiting the level of parallelism. In comparison, our method VBD is parallelized

by coloring the original graph, which leads to much fewer colors (i.e., computation groups

that must be processed sequentially) and thereby better parallelism. More importantly,

the approximations in XPBD’s formulation introduce errors that make it diverge from the

solution of implicit Euler and can degrade realism, particularly with large time steps and

limited iteration count, which are common in practice. In addition, XPBD particularly

struggles with high mass ratios. Our method VBD, on the other hand, has none of these

problems.

In recent years, a growing effort has been placed on accelerating simulations using

GPUs [42, 43, 44, 45, 46, 47, 48]. Among them, the first-order descent methods [44, 46] have

gained popularity due to their excellent parallelism. These methods employ a Jacobi-style

preconditioned first-order descent on the backward Euler minimization formulation, en-

abling full vertex-level parallelization. However, Jacobi-style iterations typically converge

substantially slower than Gauss-Seidel iterations. Also, such methods necessitate a line

search to avoid overshooting and ensure stability.

Our method VBD can be categorized as a coordinate descent method for optimiza-

tion [49]. In graphics, this technique has been used for geometric processing [50] and

simulation with a barrier function [51]. Recently, [51] proposed a hybrid scheme where

Gauss-Sediel and Jacobi iterations are combined at each parallel call. In comparison, VBD

uses blocks of coordinates-based on vertices instead of blocks-based on elements, which
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results in much better parallelism and smaller local linear systems to solve, leading to

faster convergence.

2.3 Collision Resolution
Collisions can be resolved by minimizing the penetration volume [52, 53] or by ap-

plying constraints [30, 37, 38, 54], penalty forces [55, 56, 57, 58], or impulses [59, 60, 61].

Here we emphasize self-collisions of deformable objects and methods that guarantee (self-

)intersection-free results.

2.3.1 Self Collision

Self-intersecting meshes are a common yet often unwanted phenomenon in computer

graphics, arising from the constraints of modeling tools, animation techniques, or man-

ual modifications. Despite advancements in physics-based simulations equipped with

self-collision handling capabilities, achieving an entirely intersection-free state remains

challenging. Consequently, addressing self-intersections is essential for ensuring effective

and reliable collision handling.

Starting with a self-intersecting shape, [62] proposed a method to separate the overlap-

ping parts and create a bounding case mesh that represents the underlying geometry to

allow ”un-glued” simulation.

Methods that solve self-intersections using an intersection-free pose [4] not only require

such a pose, but also become inaccurate as the objects deform and fail with sufficiently

large deformations and deep penetrations.

Methods that split an object into pieces [63, 64, 4, 3, 65] turn the self-intersection prob-

lem into intersections of these separate pieces, entirely avoiding the self-intersection prob-

lem, and they fail to resolve self-intersections within a piece. These methods circum-

vent the issue of self-intersections by focusing solely on the intersections between distinct

pieces, overlooking any self-intersections within those pieces. This approach becomes

particularly challenging for complex models or situations where it’s not clear how to

effectively divide the model beforehand. Dividing or bifurcating the model tends to be

pre-determined and costly to modify during runtime. Moreover, identifying the closest

boundary point within a piece may not yield the true nearest boundary for the whole
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mesh if it resides in another piece. While sufficient accuracy may be achievable in certain

instances, the use of Signed Distance Fields (SDFs) incurs substantial pre-computation and

storage demands.

In comparison, we provide a solution [66] to find the exact penetration depth for mod-

els with arbitrary complexity and the accurate shortest path to the boundary regardless

of the type or severity of self-intersections. In addition, we do not require costly pre-

computations or volumetric storage. Our approach leverages two critical insights: (1) the

shortest path must reside entirely within the mesh’s geodesic embedding, and (2) it should

form a straight line under Euclidean geometry. Utilizing these principles, our method

swiftly verifies whether a straight line to a given boundary point remains inside the mesh.

By integrating a spatial acceleration structure, we can effectively identify and evaluate

potential boundary points until we pinpoint the shortest path. Additionally, we introduce

an efficient and reliable tetrahedral traversal technique that precludes endless loops, es-

sential for confirming path containment within the mesh. Moreover, we present a novel

acceleration technique that rapidly dismisses unsuitable boundary points by considering

the local geometry, thus obviating the need for path verification.

2.3.2 Penetration Free Deformable Body Simulation

Penetration-free simulation is a recent breakthrough in the physics-based simulation

community. The simulation of deformable bodies is usually done by minimizing the

implicit integration equation, with the collisions modeled as potential energies, or addi-

tionally, as constraints to the minimization problem. To strictly guarantee penetration-free,

the collision must be formulated as non-compliable constraints. In the physics-based

simulation community, those non-compliable constraints are usually enforced through two

groups of methods: the line search based methods and the trust region methods.

2.3.2.1 Line Search Based Methods

The most representative work of the line search based method is the incremental po-

tential contact [2]. It models collision energy as a logarithmic function on the distance

between two primitives:

b(d, d̂) =

{
−(d− d̂)2ln( d

d̂
) 0 < d < d̂

0 d ≥ d̂
. (2.13)
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This energy (and the consequent contact force derived from it) goes to infinity as prim-

itives draw nearer to each other, ensuring that the contact force will ultimately overpower

any external or internal forces acting on those primitives, thus pushing them apart. How-

ever, this energy alone is not sufficient to guarantee penetration-free. This is because, in

the process of solving the optimization, the steps are always taken discretely. The reason

lies in the optimization process, which proceeds through discrete steps. It’s possible that

following an optimization step, primitives might end up penetrating each other. This

occurs because the optimization often involves linearizing the problem, and the direction

of descent determined through this linearization may not always effectively separate all

approaching pairs of primitives.

To enforce the penetration-free condition, IPC requires optimization to halt before the

earliest time of impact (TOI), determined via CCD-aware line search. The process involves

iteratively recomputing contact relationships, descent directions, and CCD checks until

convergence. [67] later extended this IPC collision model to codimensional objects, e.g.,

elastic rods and surfaces. This includes several novel improvements: modeling thickness,

a generalized CCD that adapts to this thickness modeling, and another barrier function to

limit the stretching.

CCD-aware line search requires linear motion at each optimization iteration, which

is not satisfied for systems with rotational components like rigid body dynamics. [68]

addressed this by dividing rotational motion into small linear segments for CCD, but this

incurs more computation steps. [69] improved this by using affine transformations instead

of SE(3) movements, turning rotational motion into linear affine motion. This approach

eliminates the need for multiple segments, requiring only one CCD application per step,

greatly enhancing simulation efficiency.

Various methods have been employed to enhance IPC simulation efficiency. [45] re-

placed IPC’s Newtonian solver with projective dynamics, enabling penetration-free GPU

simulations by reformulating IPC’s barrier constraint with projected target positions. [70]

introduced a block coordinate descent technique with element-based Gauss-Seidel iter-

ation and local CCD to reduce computational costs. [71] developed a GPU-accelerated

Gauss-Newton method to accelerate simulations using barrier contact energy. [72] sim-

plified original geometry with standard shapes to reduce collision pairs and speed up
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simulations, sacrificing fine geometric details.

2.3.2.2 Trust-Region-Based Methods

In numerical optimization, a trust region defines a subset of the domain where the

objective function is approximated, typically using a quadratic model [73]. The region

adapts dynamically: expanding if the model proves accurate and contracting if it does

not, enabling efficient optimization. Trust-region methods can be considered somewhat

complementary to line-search methods: trust-region approaches initially determine a step

size (the dimensions of the trust region) and subsequently select a step direction. In

contrast, line-search methods start by choosing a step direction and then decide on the

step size.

It is known that trust-region based methods are better suited for constrained optimiza-

tion problems where constraint satisfaction is critical [74]. Constraints can be incorporated

directly into the trust region formulation [75, 76], which are usually linear and convex [77],

[78].

However, trust region methods for enforcing penetration-free constraints have not been

extensively explored in the simulation community. Unlike IPC, which combines CCD with

line search to enforce penetration constraints, trust-region methods use discrete collision

detection (DCD) to define per-vertex (or per-rigid-body) trust regions, constraining move-

ments to prevent penetration.

This kind of idea was initially explored in the context of rigid body dynamics, termed

Conservative Advancement. [79] uses the extremal vertex query to find a directed motion

bound for an object moving with constant translational and rotational velocities. [80]

extends this kind of method to triangulated models and makes no assumption about the

underlying geometry and topology.

This idea has also been investigated in the context of cloth simulation. [81] identified

a necessary vertex displacement constraint to prevent cloth from self-intersecting, thus

ensuring the avoidance of self-penetration at all times. [82] utilized this constraint within

a step-and-project process to facilitate fast and realistic simulation.

However, the development of a trust region-based simulation system that incorporates

barrier collision energy and ensures numerical convergence remains an open area of re-
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search.

2.3.2.3 Offset Geometry

(a)𝑀𝑀 (b) 𝑀𝑀+𝑟𝑟 (c)

Figure 2.1: (a) original geometry M; (b) conventional offset geometry M+r; (c) our
intersection-aware manifold U .

Offset geometries, also known as polygon offsets or Minkowski dilation, are geometric

constructions where a polygon is expanded or contracted by a specified distance. The

geometry M’s offset geometry with distance r is defined as:

M+r = {x ∈ RN |dis(x, M) < r} (2.14)

The boundary of this offset geometry can be computed through various method, includ-

ing winding number based methods [83], Voronoi Diagram-Based Methods [84], straight

skeleton based methods [85, 86], polygonal annulus based methods [87].

However, those methods mainly focus on 2D polygons instead of 3D polyhedral meshes.

Moreover, The conventional concept of offset geometry presents significant challenges

when applied to contact modeling. Specifically, traditional offset methods often fail to

accurately represent self-intersections and overlapping regions within the geometry, as

illustrated in Figure 2.1b. The offset geometry given by Equation 2.14 will ”merge” parts

that are separated in the original manifold. This occurs when a point’s distance to two

separate parts of M is both less than r. This limitation can lead to inaccuracies in simulating

contact interactions, as the model may not correctly account for multiple layers of contact

and self contacts.

Ideally, the offset geometry should be aware that there are 2 overlapping layers, as

illustrated in Figure 2.1c, and the point in the overlapping area should be subject to contact
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forces from the opposite side. The dimensionality of the offset geometry in Figure 2.1c

has been lifted to N (the dimensionality of the immersion space), and therefore is not

codimensional anymore. Intuitively, we can determine the layers of intersection, and

compute the penetration depth using a method akin to [66] to compute contact energy.

2.3.2.4 Gauss Map

[88, 89] extended the Gauss-Bonnet theorem to polyhedral surfaces by introducing a

method to compute curvature at vertices using the Gauss map. [90] further expressed

curvature measures in terms of the number of critical points. [91] introduced the concept of

Extended Gaussian Images (EGI) for object recognition by projecting the normal vectors of

a polyhedron’s faces onto a sphere, assigning densities proportional to the corresponding

face areas. [92] proposed a variation of EGI where normal vector lengths are proportional

to face areas, investigating its uniqueness for convex polyhedra and its application in

reconstructing objects using the Minkowski theorem. This approach requires defining face

orientations, known as combinatorial types, and an iterative process for 3D reconstruction.

[93] estimated curvature for polygonal surfaces using normal cycles at vertices, edges, and

triangles, providing error bounds for discrete surfaces derived from restricted Delaunay

triangulation. Building on these, [94] propose a novel approach to curvature measurement

that distinguishes positive and negative components, enabling accurate vertex characteri-

zation. Their Polyhedral Gauss Map directly correlates normal vectors from the polygonal

mesh, reflecting vertex geometry and their local neighborhoods more precisely.

2.4 Capturing Deformation of Non-Rigid Objects
Optical-systems-based on reflective markers [95] are the most widely used approaches

to capture the human body. While typically only sparse marker sets are used, [96, 97]

pushed the resolution of reflective markers-based system up to 350 markers to capture the

detailed skin deformation. However, difficulties in marker labeling [98] complicate further

increases of resolution by adding even more markers. Recent work utilizes self-similarity

analysis [99] and deep learning [100, 101] to reduce the expensive manual clean-up in

marker labeling procedure. An alternative to the classical reflective markers is the use of

colored cloth, enabling the capture of certain types of garments [102, 103] or hand tracking
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using colored gloves [104].

Early work in markerless motion capture [105] and [106] inferred human poses directly

from 2D images or videos. [107] integrates multiple image cues such as edges, color

information and volumetric reconstruction to achieve higher accuracy. [108] tracks a 3D

human body on 2D image by combining image segments, optical flows and SIFT features

[109]. [110] deforms laser-scan of the tracked subject under the constraints of multi-view

videos to capture spatio-temporally coherent body deformation and textural surface ap-

pearance of the actors. Silhouettes [111, 112, 113, 114] or visual hulls [115] can be used to

obtain more detailed human body deformations. [116] introduce a multi-layer framework

that combines stochastic optimization, filtering, and local optimization to tack 3D human

poses. [117] model the human body via a sums of Gaussians, representing both shape and

appearance of the captured actors.

Deep learning enabled estimation of 2D or 3D human poses from multi-view [118] or

monocular multi-person images [119, 120, 121, 122], more recently also with hands and

faces [123, 124, 125]. 3D pose or even dense 3D surface of the human body can also be

predicted from a single image [126, 127, 128, 129, 130]. Morphable human models can

be learned from multi-person datasets [131, 132]. Models such as SCAPE [133], SMPL

[134] and STAR [135] focus on the body, while models such as Adam [136] and SMPL-X

[137] also include the face and the hands. Focusing on high-quality rendering rather than

geometry, [138, 139] proposed methods for photo-realistic relighting of moving humans,

including clothing and accessories such as backpacks.

The idea of a motion capture suit with special texture is related to fiducial markers used

e.g., in robotics or augmented reality, such as ARTag [140], AprilTag [141, 142], ArUco [143]

and many others, but these fiducial markers are typically assumed to be non-deforming.

They are also not easy to read for humans, which would complicate their annotations.

The localization of our fiducial marker is related to corner detection. Many corner de-

tection methods have been developed to meet different use-case scenarios. For localizing

the corners, there are methods that are designed to detect general corners features that

naturally exists in nature, like [144, 145], Another class of corner detectors focuses on rigid

calibration checkerboards [146, 147, 148, 149], particularly useful in camera calibration.

The code recognition component of our method is related to text recognition. As discussed
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in [150], the text recognizer generally performs poorly on text with large spatial transfor-

mations. One possible solution is based on generating region proposals [151, 152] to rectify

the spatial transformation.

High-resolution temporal correspondences can be obtained by registering a template

mesh to RGB-D images or 3D scans. The registration can be based on solely geometric

information [153, 154], or combined with RGB images to align [155] to reduce the tangential

sliding. Model-less approaches are also possible [156, 157, 158]. Those methods focus on

registering sequential motions frame to frame, with the assumption of small displacements

between subsequent frames. Therefore, they can suffer from error accumulation, resulting

in drift over time [159]. Aligning non-sequential motions is also possible [160, 161], but it

is challenging to establish correspondence between very different poses [162, 163]. Defor-

mation models can be trained from 3D scans [164, 133], with non-rigid scan registration

being the technical challenge [165].

Similarly to our new motion capture suit, the FAUST [166] and DFAUST [167] methods

paint high-frequency colored patterns directly to the skin. We chose to work with a suit

because putting it on and off is easy and fast compared to applying colored stamps and

washing them off after the capture session. Our capture system is significantly simpler

and less expensive: we use only on 16 standard (RGB) cameras with passive uniform

lights, while [166, 167] used 22 pairs of stereo cameras, 22 RGB cameras and 34 speckle

projectors (active light). Perhaps more important are the technical differences between

our approach and DFAUST, in particular the fact that our codes are unique as opposed to

the self-repetitive patterns used in FAUST and DFAUST. Rather than creating a dataset,

our goal was to create a universal and practical method to enable future research on

advanced human body modeling and its applications in areas ranging from graphics to

sports medicine.



CHAPTER 3

VERTEX BLOCK DESCENT

This section proposes an efficient, stable, and parallel solver for the fundamental prob-

lem in physics-based simulation: Equation 2.8. The solver is called vertex block descent

(VBD), which is essentially a solver for optimization problems or non-linear equations.

Therefore, it can be applied to various simulation problems, particularly if they can for-

mulated as an optimization problem. In section Section 3.1, we explain our method in the

context of elastic body dynamics for objects represented by a set of vertices that carry mass

and a set of force elements and constraints that act on them. Generalization of our method

to other example simulation problems is discussed later in Section 3.3.

3.1 Vertex Block Descent for Elastic Bodies
We begin with deriving our global optimization method that splits the simulated sys-

tem into vertex-level local systems (Section 3.1.1). Then, we discuss the methods we use

for solving the local systems (Section 3.1.2) and describe how we incorporate damping

(Section 3.1.3) and constraints (Section 3.1.4). We present our collision formulation (Sec-

tion 3.1.5) and friction formulation (Section 3.1.6). After explaining our methods for warm-

starting our optimization to improve convergence (Section 3.1.7), we describe how to in-

corporate momentum-based acceleration to improve convergence (Section 3.1.8). Finally,

we discuss the improved parallelization that our method provides along with methods for

efficiently parallelizing dynamically-introduced force elements due to varying collision

events (Section 3.1.9).

3.1.1 Global Optimization

We propose an optimization technique that falls under the category of coordinate de-

scent methods to efficiently minimize this energy G in Equation 2.8. If we only modify

a single vertex at a time, fixing all other vertices, the part of the energy term E(x) that is
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affected only includes the set of force elements Fi that are acting on (or using the position

of) vertex i. Thus, we define the local variational energy Gi around vertex i as

Gi(x) =
mi

2h2 ∥xi − yi∥2 + ∑
j∈Fi

Ej(x) , (3.1)

where mi is the mass of the vertex and Ej is the energy of force element j in Fi.

Note that G is not equal to the sum of local variational energies, i.e., G(x) ̸= ∑i Gi(x),

simply because the force elements appear multiple times in this sum (once for each of its

vertices). However, when we modify the position of a single vertex only, the reduction in

Gi is equal to the resulting reduction in G.

Based on this observation, our method operates on a single vertex at a time and updates

its position by minimizing the local energy

xi ← argmin
xi

Gi(x) (3.2)

and solves the global system using Gauss-Seidel iterations. Each local minimization for

a vertex effectively finds a descent step for G using the degrees of freedom (DoF) for the

vertex as a block of coordinates, hence the name Vertex Block Descent (VBD). After each

iteration, the total reduction in G is equal to the sum of all reductions in Gi. In other

words, the energy change of each vertex position adjustment is accumulated to the system

energy. Consequently, if we can make sure that each local energy drops Gi when we are

adjusting vertex i, we can guarantee that we are descending the system energy G.

Thus, our system directly operates on vertex positions and the resulting velocities are

calculated following the implicit Euler formulation

vt+1 =
1
h
(
xt+1 − xt) . (3.3)

3.1.2 Local System Solver

The position updates per vertex (in Equation 3.2) involve minimizing a local energy

that only depends on the position change of a single vertex, represented by Gi. Note that

Equation 3.1 only has 3 DoF, so the cost of evaluating and inverting its Hessian is much

cheaper compared to the global problem in Equation 2.6. Therefore, we can fully utilize
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the second-order information and use Newton’s method to minimize the localized energy

Gi, which involves solving the 3D linear system

Hi ∆xi = fi , (3.4)

where ∆xi is the change in position, fi is the total force acting on the vertex, calculated

using

fi = −
∂Gi(x)

∂xi
= −mi

h2 (xi − yi) − ∑
j∈Fi

∂Ej(x)
∂xi

, (3.5)

and Hi ∈ R3×3 is the Hessian of Gi with respect to the DoF of vertex i, such that

Hi =
∂2Gi(x)
∂xi∂xi

=
mi

h2 I + ∑
j∈Fi

∂2Ej(x)
∂xi∂xi

. (3.6)

Here, the first term is a diagonal matrix and the second one is the sum of Hessians of the

force elements with respect to vertex i. Intuitively, the solution of this linear system is the

extreme point of the quadratic approximation for the localized energy Gi. By reducing

Gi with each iteration, we can guarantee a reduction in G, thereby iteratively solving the

global system in Equation 2.6.

We can analytically solve this system using ∆xi = H−1
i fi. For such a small system, the

analytical solver is very efficient and stable. We found it to be faster than solvers based

on Conjugate Gradient or LU/QR decomposition. Another advantage of the analytical

solver is that it does not require the Hessian to be positive-definite. Of course, when

the Hessian is not positive-definite, the direction given by Equation 3.4 may not be a

descent direction. Nevertheless, we opt for this direction regardless, recognizing that

even when Hi is not positive-definite, solving Equation 3.4 still brings us towards the

extremum of the quadratic approximation for the localized energy Gi. This solution is

close to where the gradient of the inertia and the potential terms balance out and it is

usually a stable state of the system. Also, the motivation of the variational form of implicit

Euler (Equation 2.6), is to find a point where dG(x)/dx = 0. Therefore, any extreme point

is a valid solution of implicit Euler, and it does not have to be a local minimum. In all

our experiments, including those specifically designed stress tests (see Figure 3.1 and

Figure 3.2), we have consistently observed that this scheme does not pose any issues

concerning system stability or convergence.



23

Figure 3.1: Twisting two beams together, totaling 97 thousand vertices and 266 thousand
tetrahedra, demonstrating complex frictional contact and buckling.

Figure 3.2: Stress tests that begin simulations under extreme deformations: (top row) a
perfectly flattened armadillo model with 15 thousand vertices and 50 thousand tetrahe-
dra, and (bottom row) a Utah teapot model with 2 thousand vertices and 8.5 thousand
tetrahedra, deformed by randomly placing its vertices onto the surface of a sphere. Both
models quickly recover to their original shape shortly after the simulation starts. Both
simulations use accelerated iterations with ρ = 0.95.
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An alternative solution to this is the PSD Hessian projection [17]. However, it is excep-

tionally rare for the Hessian to not be positive-definite, and the PSD projection process is

notably costly due to multiple SVD decompositions. Engaging in this costly operation to

prevent such rare events seems unjustified, especially considering that these occurrences

do not jeopardize system stability or convergence significantly.

Another challenge with the analytical solver arises when encountering a (nearly) rank-

deficient Hessian. To address this, we propose a simple solution: if |det(Hi)| ≤ ϵ for some

small threshold ϵ, we opt to bypass adjusting this particular vertex for that iteration. Given

that its neighboring vertices are likely to undergo adjustments before the next iteration, it

is improbable that its Hessian will remain rank-deficient in subsequent iterations. With

this simple solution, in the extreme scenario where all vertices possess a rank-deficient

Hessian, the system could potentially become frozen. Yet, it is crucial to note that such a

case is highly improbable, since the Hessian of the inertia potential is always full-rank. One

potential remedy for this would be switching to the modified Conjugate Gradient solver

[51] when such a case happens. However, doing this will add additional branching to the

code and can slow down the solver. Thus, we have not included it in our implementation,

but, depending on specific use cases, there is always the flexibility to opt for the Conjugate

Gradient solver as a backup solution.

The linear system in Equation 3.4 corresponds to a single Newton step, so it does not

necessarily provide the optimal solution for Equation 3.2. In fact, since it is just a second-

order approximation of Gi, it does not even guarantee a reduction in Gi. To ensure the

descent of energy with this single step, we can incorporate a backtracking line search along

the descent direction. Note that, unlike global line searches in descent-based simulation

methods (e.g., [44]), this line search operates locally. It specifically verifies the descent of

Gi, which in turn guarantees a descent in G without the need for evaluating the global

system.

Line search avoids over-shooting and, thereby, ensures stability. In practice, however,

the additional computation cost of line search may not be justified. In our experiments,

we found that line search costs an extra 40% computation time, while not providing any

measurable benefits. This is because VBD can maintain stability even without line search.

Therefore, the results we present in this paper do not include line search, though it is an
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option available.

3.1.3 Damping

Damping plays a crucial role in simulations. It prevents excessive oscillations and

also enhances system stability. Despite the inherent numerical damping introduced by

the implicit Euler method, providing users with manual control over damping is highly

desirable. To address this, we have integrated a simplified Rayleigh damping model into

our solver [168]. This process is both straightforward and efficient, as it also operates

locally within the 3× 3 system and utilizes the precomputed stiffness matrix.

Since we are relying on implicit Euler, we can represent the velocity as position change,

using vi = (xi− xt
i)/h. Then, we can add the damping term to the Hessian in Equation 3.6,

resulting

Hi =
mi

h2 I + ∑
j∈Fi

∂2Ej(x)
∂xi∂xi

+

(
∑

j∈Fi

kd

h
∂2Ej(x)
∂xi∂xi

)
, (3.7)

where kd is the damping coefficient. Finally, we add the damping force to Equation 3.5

using the same damping term, such that

fi = −
mi

h2 (xi − yi)−∑
j∈Fi

∂Ej(x)
∂xi

−
(

∑
j∈Fi

kd

h
∂2Ej(x)
∂xi∂xi

) (
xi − xt

i
)

. (3.8)

3.1.4 Constraints

Since our method directly manipulates the position of each vertex, managing a con-

straint on a vertex becomes straightforward. Constraints generally fall into two categories:

unilateral (C(x) ≤ 0) or bilateral (C(x) = 0). With bilateral constraints, if a vertex position

is directly set to a specific value, we simply skip updating its position. Otherwise, it

is constrained to a (usually linear) subspace. Our approach involves representing the

constrained vertex position using the subspace basis. This transforms both the vertex

position and gradient into an L-dimensional vector, where L is the subspace dimension.

Consequently, handling local steps for constrained vertices involves solving an L× L sys-

tem. Regarding unilateral constraints, we allow compromises and define potential energy

to be solved alongside other potentials. This method handles world box constraints in our

simulations.
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Figure 3.3: Two collision types: (a) edge-edge can have at most two pairs and (b) vertex-
face can have at most one pair with the same color, since vertices on the same side of a
collision must have different colors.

Figure 3.4: Different initialization options for a swinging elastic pendulum dropped from
the same height (blue line) simulated with our method using only 20 iterations per frame,
showing the same frame of the simulation. Notice that initializing using (a) previous po-
sition and (b) inertia fail to properly move under gravity, while (c) inertia and acceleration
leads to accessive stretching (red line) when VBD does not run to convergence. (d) Our
adaptive solution closely matches (e) the reference generated by fully converged Newton’s
method (green line).
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3.1.5 Collisions

Collisions can be handled by simply introducing a quadratic collision energy per ver-

tex, based on the penetration depth d, such that

Ec(x) =
1
2

kc d2 with d = max
(

0, (xb − xa) · n̂
)

, (3.9)

where kc is the collision stiffness parameter, xa and xb are the two contact points on either

side of the collision, and n̂ is the contact normal.

There are two collision types for triangle meshes (Figure 3.3):

• Edge-edge collisions use continuous collision detection (CCD). xa and xb correspond

to the intersection points on either edge and the contact normal is the direction

between them, i.e., n̂ = n/∥n∥, where n = xb − xa.

• Vertex-triangle collisions are detected either by CCD or discrete collision detection

(DCD). In this case, xa is the colliding vertex and xb is the corresponding point on

either the collision point (for CCD) or the closest point (for DCD) on the triangle

[169]. n̂ is the surface normal at xb.

In our implementation, we perform a DCD at the beginning of the time step using xt to

identify vertices that have already penetrated, and the rest of the collisions use CCD. We

simplify the computation of the gradient and the Hessian of the collision energy by not

differentiating through n̂, i.e., assuming that n̂ is constant.

Performing collision detection at every iteration using CCD can be expensive and can

easily become the bottleneck. Therefore, in our implementation, we perform CCD once

every ncol iterations. While this has the risk of missing some collision events, they are

likely to be captured via DCD in the next time step. All detected collisions remain as force

elements until the next collision detection. For vertex-triangle collisions detected with

DCD, it is important to recompute the closest point (xb) before computing the gradient

and Hessian of Ec.

3.1.6 Friction

To compute friction for collision c, we must consider the relative motion of the contact

points defined as

δxc =
(
xa − xt

a
)
−
(
xb − xt

b
)

, (3.10)

where xt
a and xt

b are the positions of xa and xb at the beginning of the time step.
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With this δxc, we can use the friction model of incremental potential contact (IPC) [2].

First, we project δxc to the 2D contact tangential space, using a transformation matrix

Tc ∈ R3×2, to evaluate the tangential relative translation uc = TT
c δxc, where Tc = [t̂ b̂]

is formed by a tangent t̂ and binormal b̂ vectors orthogonal to n̂. The signed magnitude of

the collision force applied on vertex i is λc,i =
∂Ec
∂xi
· n̂. Note that the sign of λc,i is different

for vertices on different sides of the collision. Let µc be the friction coefficient. We can then

calculate the friction force using

fc,i = −µc λc,i
∂δxc

∂xi
Tc f1(∥uc∥)

uc

∥uc∥
, where (3.11)

f1(u) =

2
(

u
ϵvh

)
−
(

u
ϵvh

)2
, u ∈ (0, hϵv)

1, u ≥ hϵv

. (3.12)

Here, f1 serves as a smooth transition function between static and dynamic friction. When

the relative velocity exceeds a small threshold ϵv, dynamic friction is applied. Conversely,

if the relative velocity is below this threshold, static friction is applied, scaling between the

range of [0, 1].

In our formulation, we need the Hessian of the friction term, which is the derivative

of this function. We approximate the derivative by not differentiating through ∥uc∥ for a

more stable friction force formulation [46], such that

∂fc,i

∂xi
≈ −µc λc,i

∂δxc

∂xi
Tc

f1(∥uc∥)
∥uc∥

TT
c

(
∂δxc

∂xi

)T

. (3.13)

Without this approximation, PSD projection and line search might be needed to ensure

stability. Finally, all friction forces fc,i and their derivatives ∂fc,i/∂xi are added to fi and Hi,

respectively.

3.1.7 Initialization

Since our method is an iterative solver, we begin with an initial guess for x. The closer

this initial guess is to the resulting xt+1, the fewer number of iterations we would need

to converge. Typically, if the simulation converges, different initializations should not

significantly affect the final results, although they may influence the number of iterations

required to achieve convergence.

Providing a good initial guess (one that is close to xt+1) is particularly important for

applications with a limited computation budget, e.g., using a fixed number of iterations.
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In such applications, the initial guess can strongly impact the remaining residual at the

end of the final iteration.

We begin with considering three simple options for initialization:

(a) Previous position: x = xt

(b) Inertia: x = xt + hvt

(c) Inertia and acceleration: x = xt + hvt + h2aext = y

Option (a) struggles with substantially stiff materials. As we adjust each vertex sepa-

rately, assuming the others remain fixed, our method must lean on the inertia potential’s

gradient (i.e., mi(xi − yi)/2h2) to march toward the local minimum. With stiff materials,

this method results in notably slower convergence rates due to the inertia potential being

considerably less stiff. Consequently, it encounters challenges in simulating scenarios that

resemble free fall, like a swinging elastic pendulum at its maximum height, as shown in

Figure 3.4a.

Option (b) allows the system to start with the inertia of the previous step, which helps,

but terminating the iterations prior to convergence can again result in local material stiff-

ness overpowering external acceleration, as shown in Figure 3.4b.

Option (c) is similar to the initialization of position-based dynamics, and performs

notably better as it effectively preserves inertia and properly reacts to external acceleration.

However, with a limited number of iterations, materials behave softer than they should, of-

ten resulting in overstretching or collapsing under gravity. An example of this can be seen

in Figure 3.4c, where the pendulum extends more than it should. Most notably, it struggles

with steady objects at rest in contact, consistently initializing them into a penetrating

state, as if they are in free fall. In such cases, the contact forces must entirely undo the

position change of initialization during the iterations. This not only creates unnecessary

computation, but also places considerable strain on the accuracy of the collision detection

and handling methods (including friction). Therefore, properly simulating objects that are

stacked on top of each other becomes a major challenge with this initialization option.
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gravity initialization factor (ã)

Figure 3.5: The ratio of gravity ã used with adaptive initialization during the swinging
of an elastic pendulum. The model is a single-piece tetrahedral mesh. It automatically
distinguishes vertices in approximate free-fall (red) and those where elasticity counteracts
gravity (blue).

Figure 3.6: Demonstrating the accelerator’s impact in a collision-intensive scene: a squishy
ball (230K vertices, 700K tetrahedra) dropping and bouncing. Both (a) and (b) use h =
1/120 seconds with a constant number of 120 iterations per time step, taking 0.11 seconds
of average computation time per frame. (a) Without acceleration 120 iterations appear to be
insufficient. (b) Our acceleration scheme (ρ = 0.95), skipping colliding vertices, manages
to resolve complex collisions, notably enhancing elasticity convergence for much stiffer
outcomes, closely matching (c) the reference computed using 2000 iterations.



31

We propose an adaptive initialization scheme that combines options (b) and (c), taking

advantage of the freedom that VBD provides in the choice of initialization. This scheme

uses
(d) Adaptive: x = xt + hvt + h2ã

replacing the external acceleration aext in (c) with an estimated acceleration term ã, deter-

mined by exploiting the typical similarity between two consecutive time steps. We begin

with the acceleration of the previous frame at = (vt − vt−1)/h and compute its component

at
ext along the external acceleration direction âext = aext/∥aext∥, such that at

ext = at · âext.

Then, we simply make sure that the estimated acceleration does not exceed the external

acceleration, using

ã = ã aext , where ã =


1 , if at

ext > ∥aext∥
0 , if at

ext < 0
at

ext/∥aext∥ , otherwise.

(3.14)

This adaptive approach includes external acceleration in the initialization when the motion

of a vertex resembles free fall. When an object is stationary, however, as in rest-in-contact,

it maintains the previous position in the initialization, preventing undesired penetrations

before the first iteration. It also successfully avoids excessive stretching, as can be seen in

Figure 3.4d. Visualizations of different ã values in this simulation are shown in Figure 3.5.

In short, our adaptive initialization is a simple but effective strategy and it is possible

because VBD does not dictate a particular initialization (unlike XPBD, for example).

3.1.8 Accelerated Iterations

We use the Chebyshev semi-iterative approach [42] to improve the convergence of our

method, though other momentum-based acceleration techniques, such as the Nesterov’s

method [170] can be applied as well. The Chebyshev method iteratively computes an accel-

eration ratio based on the approximation of the system’s spectral radius. Instead of directly

using the output vertex positions of Gauss-Seidel x̄(n) after iteration n, it recomputes the

positions at the end of the iteration using

x(n) = ωn(x̄(n) − x(n−2)) + x(n−2) , (3.15)

where ωn is the acceleration ratio that changes at each iteration as

ωn =
4

4− ρ2ωn−1
with ω1 = 1 and ω2 =

2
2− ρ2 , (3.16)
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where ρ ∈ (0, 1) is the estimated spectral radius, which can be set manually, or automati-

cally tuned using the technique introduced in [44]. Note that this position recomputation

procedure is performed globally after each Gauss-Seidel iteration is completed, not after

each local solver step.

This accelerator was originally developed for solving linear systems, assuming the

energy to be smooth and (nearly) quadratic. Elastic energy generally fulfills these criteria.

However, collision energy tends to be discontinuous and highly stiff, making the use of an

accelerator in collision-intensive scenes prone to overshot and compromise the system’s

stability. To address this, we propose a simple yet highly effective solution for accelerating

scenes with collisions: skipping the accelerations for actively colliding vertices. Note that

the acceleration must be a continuous process. If a vertex is detected colliding at a certain

iteration, we will skip the acceleration for it in all the following iterations in the same

step, regardless of whether the collision has been resolved. This approach has minimal

impact on the convergence of elasticity, since typically only a small fraction of vertices are

in collision. Also, for those colliding vertices, the elasticity is usually overpowered by the

collision forces. Thus, this solution maintains the stability of the system, while effectively

accelerating the convergence of elasticity, as shown in Figure 3.6.

3.1.9 Parallelization

Gauss-Seidel-type iterative methods are often parallelized using graph coloring by

determining groups (i.e. colors) that can be handled in parallel without impacting the

sequential nature of the Gauss-Seidel loop. Obviously, the same can be applied to VBD

by simply coloring vertices such that no force element uses multiple vertices of the same

color.
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Figure 3.7: Coloring vertices versus elements: (a) vertex coloring needs 3 colors for 10
vertices while (b) element coloring (i.e., coloring the vertices of the dual graph) needs 8
colors for 10 triangles in this example. The difference is more pronounced for tet-meshes:
(c) our vertex coloring uses only 8 colors for 3,891 vertices while (d) our element coloring
implementation needs 76 colors for 14,802 tetrahedra in this example.
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Figure 3.8: Handling collisions using (a) our scheme without recoloring and (b) recoloring
to achieve perfect Gauss-Seidel iterations, both simulated using friction forces and accel-
erated iterations with ρ = 0.95. Notice that the results are highly similar, though not
identical.

Figure 3.9: Tearing a piece of cloth with 2500 vertices and 4800 triangles.
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The advantage of VBD here is that, because it colors vertices, it typically results in

much fewer colors as compared to techniques that color constraints/force elements, such

as PBD. This is because coloring these elements is equivalent to coloring the nodes of the

dual graph, which not only has more nodes, but, more importantly, also has a lot more

connections per vertex in general. Examples of this are shown in Figure 3.7. Since different

colors must be handled sequentially, fewer colors means better parallelism.

When all force elements are known ahead of the simulation, graph coloring can be per-

formed as a preprocess. However, dynamically generated constraints/force elements, such

as ones due to collisions, cannot be known ahead of time, requiring dynamic recoloring.

In our implementation for elastic body dynamics, we avoid the cost of recoloring by

precomputing coloring only for material forces, ignoring dynamically generated force el-

ements due to collisions. This means that these collision forces may use multiple vertices

of the same color. Therefore, we cannot simply run a parallel loop over all vertices of the

same color and update them, because handling a vertex with a dynamically generated

force element may run into race conditions (with partially updated vertex positions) when

accessing other vertices of the same color.

We resolve this by having an auxiliary vertex position buffer (xnew) that stores the

updated vertex position. When executing each local VBD position update, we write the

updated vertex positions to the auxiliary buffer, instead of directly overwriting the original

vertex position buffer. Then, we copy the updated positions from the auxiliary buffer to

the original vertex position buffer after each color pass. This prevents the race conditions

that arise from simultaneous read and write operations on vertex positions.

With this process, dynamically generated force elements using multiple vertices of the

same color result in (partially) Jacobi-style iterations for those vertices, because they rely

on the positions from the previous iteration of those vertices. For vertices with different

colors, it is equivalent to Gauss-Seidel iterations, considering the updated positions of the

vertices with different colors. Note that our algorithm does not explicitly switch between

Jacobi and Gauss-Seidel iterations, but the resulting iteration we describe above corre-

sponds to either (partially) Jacobi or Gauss-seidel, depending on the colors of the colliding

vertices.

One might expect this solution to negatively impact the convergence of VBD. For-
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tunately, however, such Jacobi-style information exchanges are relatively rare. This is

because, as shown in Figure 3.3, with vertex-face collisions at most one pair and with edge-

edge collisions at most two pairs of vertices can have the same color. Also, vertices with

the same colors must be located on different sides of the collision; therefore, their elastic

energies are usually decoupled. This ensures that the majority of the information exchange

follows the Gauss-Seidel order and thereby the impact of our solution on convergence is

minimal. Figure 3.8 presents an example with a large number of collisions, comparing our

solution of skipping recoloring to proper Gauss-Seidel iterations with recoloring, showing

that the differences are minor.

Our solution also works with other types of topological changes, such as tearing and

fracturing. Deleting force elements does not require any changes to vertex coloring. When

an object is split by duplicating vertices, as in the case of tearing a piece of cloth along some

edges (see Figure 3.9), duplicated vertices can safely inherit the colors of their original

vertices.

3.2 GPU Implementation
In this section, we describe a GPU implementation specifically designed to leverage the

inherent parallelization mechanism of modern GPUs, which consists of two hierarchical

levels: block-level and thread-level parallelism. Block-level parallelism facilitates large-

scale parallel operations, assuming that each block operates independently. On the other

hand, thread-level parallelism provides finer, single-instruction-multiple-thread (SIMT)

style parallelism, allowing for inter-thread communication and synchronization within the

same block.

Reflecting on VBD, we observed that it naturally aligns with this hierarchical archi-

tecture. We have thousands of vertices within a single color category that operate in-

dependently, and each vertex is associated with multiple force elements, which can be

processed concurrently. algorithm 1 shows the pseudocode of our implementation. It

uses block-level parallelism for processing each vertex. The threads within each block

are used for computing the forces and Hessians, storing them in local shared memory,

and computing the sums via reduction. We use a fixed number of threads for each block.

When the total number of adjacent force elements exceeds the number of threads for each
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Algorithm 1: VBD simulation for one time step.

Input: xt: the positions of the previous step; vt: the velocities of the previous step;
aext: the external acceleration

Output: This step’s position xt+1 and velocity vt+1.
1 y← xt + hvt + h2aext
2 Initial DCD using xt

3 x← initial guess with adaptive initialization
4 for each iteration n ≤ nmax do
5 if n mod ncol = 1 then CCD using x
6 for each color c do

// Block-level parallelization
7 parallel for each vertex i in color c do

// Thread-level parallelization
8 parallel for each j ∈ Fi do

// Variables in shared memory

9 fi,j = −
∂Ej
∂xi

10 Hi,j =
∂2Ej

∂xi∂xi

11 end
// Local reduction sums

12 fi = ∑j∈Fi
fi,j

13 Hi = ∑j∈Fi
Hi,j

14 ∆xi ← H−1
i fi

15 ∆xi ← optional line search from xi + ∆xi to xi
16 xnew

i ← xi + ∆xi

17 end
// Copy updated positions back to the vertex buffer

18 parallel for each vertex i in color c do
19 xi = xnew

i
20 end
21 end

// Optional: accelerated iteration
22 parallel for each vertex i do
23 Update xi using Equation 3.15.
24 end
25 end
26 v = (x− xt)/h
27 return x, v
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block, individual threads will loop over their assigned elements. During this process, they

calculate the forces and Hessians for these force elements and then sum them to their

assigned shared memory. At last, the forces and Hessians of all the threads are combined

using a local reduction sum method (lines 12,13).

In our experiments, we observed nearly an order of magnitude performance improvement,

as compared to processing each vertex with a single thread. The primary advantage lies

in the optimization of the memory access pattern, a common bottleneck in GPU programs.

This implementation reduces memory divergence within blocks. Because the neighboring

force elements of a vertex often share multiple vertices, the threads within the same block

can share a global memory access to those shared vertices. Furthermore, this strategy

improved the parallelism of the algorithm by allowing parallel evaluation of the force and

Hessian of adjacent force elements, which are then written to the significantly faster shared

memory. This bypasses the slower global memory and enables the parallel aggregation of

force and Hessian values, enhancing the overall efficiency of the process.

3.3 VBD for Other Simulation Systems
We have described our method in Section 3.1 in the context of elastic body dynamics.

Yet, VBD is not limited to such simulations and can be used to solve various optimization

problems. Here, we consider some other example simulation systems and briefly discuss

how our method can be applied. This is not intended as an exhaustive list but merely

as examples that could guide the reader to discern how their specific simulation problem

could utilize VBD.

3.3.1 Particle-Based Simulations

Particle-based simulations can easily use VBD by simply replacing the vertices in our

description above with particles. Since VBD needs the Hessian of the force element ener-

gies, implementations would require computing the derivatives of all forces acting on a

particle wrt. its position.

Parallelizing particle-based simulations also involves additional considerations. Mass-

spring type simulations, such as peridynamics [171], can use our parallelization approach

with vertex coloring. However, simulations involving disjoint or loosely-joined particles,
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such as particle-based fluid simulation [172, 173, 174], would not only require recoloring at

each time step but also using a conservative neighborhood definition (including position

change within a time step) for coloring, since position updates can alter the set of particles

that interact with each particle.

Figure 3.10 shows a simple example where 20 particles, including one that is 1000×

heavier, are connected with springs of two different stiffness, simulated using VBD.

3.3.2 Rigid Body Simulation

For handling rigid body simulations with VBD, we can replace each vertex in our

formulation with an entire rigid body, using the variational formulation of rigid body

dynamics [68]. Unlike a vertex that has only 3 DoF, a rigid body also has rotational DoF,

resulting in 6 DoF. Therefore, in our local system, we must solve a larger problem, where

xi ∈ R6 and Hi ∈ R6×6, including Hessians of all force elements wrt. all 6 DoF of xi. Note

that, in this case, these force elements are not internal material forces, but external forces

acting on the rigid body, due to collisions or other constraints.

Other than this additional complexity, we can follow the same procedure with VBD.

Parallelization with coloring depends on the nature of the rigid body simulation. For

example, pre-coloring, as we used in our examples for elastic bodies might work for

problems like a rigid body chain. For disjoint rigid bodies interacting through collisions

only, dynamic recoloring might be needed.

Articulated rigid bodies can be handled by defining joint constraints with an elastic

potential. Infinitely stiff constraints are also possible, but VBD cannot guarantee that they

will be satisfied using a fixed number of iterations. Another alternative is hard constraints

can be introduced by reducing the total DoF in the system and replacing the vertices in our

formulation with an articulated rigid body, having more than 6 DoF. Obviously, this would

lead to an even larger local system, requiring modifications to the variational formulation.

Example rigid body simulations are shown in Figure 3.11 and Figure 3.12, simulated

using VBD, as described above.

Note that since our collision formulation is based on penetration potential, it corre-

sponds to penalty forces. We leave the exploration of handling impulse-based collisions

[175] with VBD to future work.
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stiff soft
springs springs

Figure 3.10: Twenty particles attached with springs, forming a swinging chain, simulated
using VBD with a S = 1 substep and 100 iterations per step. The particle on one end of
the chain is fixed and the particle on the other end has 1000× more mass than the others.
(Left) using sufficiently stiff springs, they expand no more than 0.7% of their rest lengths,
despite the substantial mass difference. (Right) using 100× less stiff springs, the chain
undergoes a visible expansion as it swings.

Figure 3.11: Five rigid bodies, each with 6 DoF, forming a chain through collisions,
simulated using our VBD formulation for rigid body dynamics.
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3.3.3 Unified Simulations

Unified simulation systems are useful for handling scenarios that involve different

material types. Typical unified simulation systems use a fundamental building block,

such as a particle, to represent all supported materials [176, 177, 178, 179, 180]. We can

form a unified simulation system using VBD without representing all materials using the

same building block. For any simulation system described above, we can combine it with

another, provided that we can define the information exchange as an energy potential.

For example, when the interactions take place as collisions, we can easily join rigid body

simulations with elastic bodies or particles via the collision potential. Joint constraints

with elastic potential would be another easy way to combine different simulation systems.

The advantage here is that a large rigid body, for example, can be represented as a single

object with just 6 DoF, as opposed to using multiple building blocks that are constrained to

move as a rigid construction. This way, a heterogeneous collection of representations can

be joined within the same integrator using VBD.

On the other hand, this form of defining a unified simulation system may be challeng-

ing for other types of information exchange, such as evaluating buoyancy. Exploring such

problems would be another interesting direction for future research.

3.4 Results
We evaluate our method with elastic body dynamics qualitatively with various tests

and quantitatively with comparisons to alternative methods. We use Neo-Hookean [181]

materials (without the logarithmic term) for our volumetric objects, StVK [182] for clothes,

and linear springs for elastic rods.

We use a fixed frame time of 1/60 seconds and a fixed iteration count nmax, instead of

estimating convergence after every iteration. Each frame is computed using S substeps,

such that h = 1/(60S) seconds. Using smaller time steps increases accuracy and reduces

numerical damping with any implicit Euler method. With VBD, a smaller time step only

requires fewer iterations per step for similar visual quality, but it can also achieve a smaller

residual with the same number of total iterations per frame (i.e., Snmax). The number of

threads per block is set to 16 for all the experiments.

We use no line search in our tests, as none of our tests required it for stability, and
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running line search can result in a noticeable drop in performance. In our experiments, we

apply CCD only in the first iteration (i.e., ncol = nmax), unless otherwise specified.

In our implementation, we handle collisions on the CPU using Intel’s Embree library

[183]. The two phases with parallel loops are implemented on the GPU using CUDA. All

timing results are generated on a computer with an AMD Ryzen 5950X CPU, 64GB DDR3

RAM, and an NVIDIA RTX 4090 GPU. The runtime statistics and parameters of all our

experiments can be found in Table 3.1.

3.4.1 Large-Scale Tests

We present two large-scale test, showcasing our method’s performance, scalability, and

stability in scenarios involving a large number of complex collisions, including stacking

and rest in contact.

The first one has 216 squishy balls with tentacles, totaling 48 million vertices and 151

million tetrahedra acting as force elements, dropped into a Utah teapot. Intermediate

frames of this simulation are shown in Figure 3.13.

The second one includes more than 10 thousand deformable objects, totaling over 36

million vertices and 124 million tetrahedra, dropped into a box and piled on a platform,

which is then suddenly removed, making the pile collectively fall onto the ground. The

intermediate frames are shown in Figure 3.14.

As can be seen in our supplemental video, both of these simulations exhibit stable

motion, quickly forming static piles, while maintaining rest-in-contact behavior with over

1 million active collisions. VBD’s parallelism and fast convergence resulted in an average

computation time of 40 and 25 seconds per frame in these simulations, respectively.

3.4.2 Unit Tests

The convergence rate of VBD depends on the stiffness of the simulated system. This

is demonstrated in Figure 3.15, comparing VBD with different numbers of iterations per

frame to the converged solution computed using Newton’s method. As expected, VBD

converges slower for stiffer materials, which is common for descent-based solvers. In this

example, 15 iterations are more than sufficient for the softest material, while stiffer ones

require more. As can be seen in our supplemental video, even though VBD can qualita-

tively imitate the behavior of stiff materials with a relatively small number of iterations, the
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motion can quickly diverge from the converged solution, due to the remaining residual,

unless a sufficient number of iterations are used.

We present our tests with different friction coefficients µc for friction forces in Fig-

ure 3.16. Notice that, µc impacts the motion, as expected, and with sufficiently high µc,

we can properly preserve the position on an incline and form taller piles.

3.4.3 Stress Tests

We present a challenging frictional contact case in Figure 3.1, twisting two thin beams

together. This example includes extreme deformations, generating strong material forces

that compete with self-collisions and collisions between the two beams. It is simulated

with collision detection occurring once every 5 iterations (i.e., ncol = 5). Notice that VBD

can properly handle such strong deformations with frictional contact.

We show two simulations in Figure 3.2 for stress-testing the stability of VBD under

extreme deformations. The first one shows an armadillo model that is perfectly flattened

and the second one is a Utah teapot model with all vertices randomly scrambled and

placed on the surface of a sphere. Even though the simulations begin with these extremely

unstable energy configurations, VBD quickly recovers these models without performing a

line search and using 100 iterations per frame.

Another stress test is shown in Figure 3.17. In this case, 10 vertices of a Stanford bunny

model are first slowly pulled away, generating a state with considerable potential energy,

and then suddenly released (right after Figure 3.17b), causing severe deformations. Once

again, VBD successfully handles this challenging simulation case, involving self-collisions

with high-velocity impacts, using only nmax = 10 iterations per step and S = 5 per frame.

Figure 3.18 presents a stability test under large residuals by using only a single iteration

per frame (i.e., S = 1 and nmax = 1). Notice that our method produces stable deformations

with extreme stretching, even though the simulation lacks a sufficient iteration count to

properly reduce the residual at each frame.

3.4.4 Convergence Rate

To evaluate the convergence rate of VBD, we present a simple test shown in Figure 3.19,

where an armadillo model that was previously stretched is suddenly released. Here, we

calculate the relative loss after each iteration and compare it to alternative solvers.
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The first alternative is preconditioned gradient descent (GD) [44] implemented on GPU

within the same framework as ours. GD requires a form of line search for stability, which is

implemented as testing the variational energy after every 8 iterations and, when needed,

reducing the optimization step size and backtracking (following the implementation of

[44]). We also include a version of GD that is accelerated using the Chebyshev semi-

iterative approach [42], as our method. The iterations of GD are about 30% faster than

ours without line search. However, it necessitates line search for stability. This makes

it about 10% slower than our VBD, which does not need line search. Furthermore, its

convergence rate per iteration is considerably slower, as it corresponds to Jacobi iterations.

In this example, when combined with acceleration, GD performs similar to our method

without acceleration but lags significantly behind our method with acceleration.

We also compare to a version of our method that uses Jacobi iterations, called Block

Jacobi, implemented by computing the position change for all vertices in parallel and then

applying the position update simultaneously to all vertices at the end of each iteration.

We incorporate the same line search scheme as GD for Block Jacobi, as it is necessary for

stability. Block Jacobi outperforms GD, as it uses vertex blocks for computation, which

corresponds to using a diagonal Hessian block as a precondition, as opposed to just a

diagonal line that GD uses. Without line search, it achieves 20% faster iteration times than

our VBD, due to its perfect vertex-level parallelization (without any coloring). However,

combined with line search, its iterations are about 17% slower than VBD. More impor-

tantly, because it uses Jacobi iterations, its convergence is hindered, as compared to our

Gauss-Seidel iterations.

Furthermore, we compare the convergence of our method to two implementations

of Newton’s method: first using a direct Cholesky (LDLT) factorization solver provided

by Intel’s MKL library [184] running on the CPU, and the second using a GPU-based

conjugate gradient (CG) method. To ensure convergence, we do a PSD projection for each

tet’s Hessian of elasticity. Newton’s method uses a line search for each iteration. Since its

iterations are slow, the computational overhead of line search is negligible. Though the

convergence of Newton’s method per iteration is far superior to all others, because of its

expensive computation time per iteration, in these examples it lags far behind. Nonethe-

less, for relatively tame experiments with less stretching and motion, and especially for
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highly stiff and high-resolution simulations that are much more expensive to simulate, we

would expect Newton’s method to eventually overtake all alternatives beyond a certain

level of convergence.

Finally, we compare our method to a quasi-Newton approach using Laplacian pre-

conditioning [27]. We utilize a GPU-based conjugate gradient solver, similar to the one

employed in our GPU-CG Newton’s method’s implementation. Laplacian preconditioning

accelerates each linear solve, as it eliminates the need for PSD projection and involves

solving a smaller system. Practically, this method demonstrates faster convergence than

Newton’s method, particularly in the initial stages of the optimization process. Neverthe-

less, it still lags behind both the accelerated and non-accelerated versions of our VBD.

A part of the performance advantages of our VBD method presented above is related

to its efficiency in parallel execution on the GPU. To demonstrate its convergence in the

absence of parallel computation, we include a comparison using single-threaded CPU

implementations of our VBD and Newton’s method with Cholesky factorization and CG.

Figure 3.20 shows the convergence results for the same experiment in the bottom row of

Figure 3.19. In these tests, our method initially demonstrates faster convergence than both

versions of Newton’s method. Over time, the CG-based Newton’s method catches up to

our VBD without Chebyshev acceleration. However, VBD with Chebyshev acceleration

maintains a significant performance lead over the others. This experiment shows that the

performance advantages of our method are not only due to its GPU parallelism.

3.4.5 Comparisons to XPBD

Our method has an entirely different formulation than XPBD, but there are some strong

similarities, as both methods operate with position updates using Gauss-Seidel iterations.

Here we provide two direct comparisons to highlight some important differences.

XPBD replaces the Hessian matrix and uses only the Hessian of inertia potential. This

omission is justified by using a small time step, because the significance of the inertia

potential increases quadratically as the time step decreases. Nonetheless, with complex

examples, the impact of this approximation can be severe, even with small time step.

This is demonstrated in Figure 3.21 with a challenging collision-rich scenario involving

a squishy ball with tentacles dropped to the ground. Comparing XPBD with 120 iterations
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per step (Figure 3.21a) to our method with the same number of iterations (Figure 3.21d),

we can see that our method not only achieves a more stable animation, it also performs

faster because of its improved parallelism, as compared to XPBD. Reducing the time step

helps XPBD even when using a similar total number of iterations per frame (Figure 3.21b).

However, simply reducing the time step is not sufficient in this case, as XPBD also needs

more frequent collision detection (Figure 3.21c). Using collision detection with the same

frequency as ours while taking small time step (Figure 3.21b) leads to collisions that are

detected too late and cause stability issues in this case. This is not only because the

collisions that are detected too late are deeper, but also because smaller time step lead

to higher vertex velocities when resolving stiff collisions.

One of the fundamental challenges of XPBD is handling high mass ratios. This is

demonstrated with a simple example in Figure 3.22, where a large and heavy elastic cube

is dropped onto a smaller and much lighter cube, with a mass ratio of 1:2000. In this

example, XPBD’s collision constraints, even with infinite stiffness, cannot overcome the

mass ratio and the smaller cube is entirely crushed upon contact. This is because of the

dual formulation of XPBD [46]. Our method, on the other hand, has no such difficulties

with handling high mass ratios.

3.5 Discussion
We derive our method as a block coordinate descent method for variational time inte-

grators, which offers optimization techniques like PSD projection and line search. The fact

that we do not require those techniques to guarantee stability actually makes our method

a more general solver of nonlinear equations. When line search is not used, our method

can effectively manage non-conservative forces, such as friction, the same as how it handles

conservative forces. In other words, our method allows for a seamless transition between

block coordinate descent and block Gauss-Sediel [185, 186]. While we do not practically

utilize these optimization techniques derived from the descent view, they remain available

options for users.

VBD is a descent-based method that operates through local iterations. Therefore, it

may not be a good solution for problems that would benefit from a global treatment.

The speed of information travel with VBD depends on the connections of vertices and
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the number of iterations used. A perturbation applied on a vertex can impact other vertices

of a connected chain through force elements at most as far as the number of colors within

a single iteration. Therefore, VBD is not ideal for high-resolution stiff systems, as it may

require too many iterations for a perturbation of a vertex to travel across the system. In

such cases, a global solution using Newton’s method may prove to be more effective.

Our collision formulation for VBD is based on penetration potential. Therefore, it can-

not guarantee penetration-free results. In fact, penetrations are almost never completely

resolved, as some amount of penetration is needed to maintain some collision force. In

addition, defining a similar collision energy for codimensional objects, particularly for

self-collisions, can be a challenge.

VBD is a primal solver [46], so it can easily handle high mass ratios (see Figure 3.5, 3.22,

and 3.10), but it struggles with high stiffness ratios. This is shown in Figure 3.23 using a

stiffness ratio of 1:10000, where VBD has poor convergence behavior.
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Figure 3.12: Dropping 60 rigid bodies into a Utah teapot, showcasing collisions and
frictional contact. Remarkably, one rigid body stays on the spout due to friction.
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Figure 3.13: Simulation of 216 squishy balls with tentacles, a total of 48 million vertices
and 151 million tetrahedra, dropped into a Utah teapot, forming a stable pile with active
frictional contacts. The average and maximum computation time per time step is 3.6 and
3.9 seconds, respectively, using S = 4 substeps per frame and nmax = 40 iterations per
step.

Figure 3.14: Simulation of 10,368 deformable objects, totaling over 36 million vertices and
124 million tetrahedra, dropped onto a platform inside a box container. Then, the platform
is suddenly removed and the objects collectively fall onto the ground, forming stable piles
both before and after the platform is removed. The average and maximum computation
times per time step are 4.2 and 4.7 seconds, respectively, using S = 2 substeps and nmax =
60 iterations per step.
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Figure 3.15: Visual convergence with different numbers of iterations per frame for different
material stiffness (with accelerated iterations using ρ = 0.75, 0.86, 0.93 top to bottom),
simulating a beam with 463 vertices and 1.5 thousand tetrahedra.
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µc = 0.0 µc = 0.3 µc = 0.6 µc = 0.9

µc = 0.0 µc = 0.2 µc = 0.4 µc = 0.6

Figure 3.16: Testing different friction coefficients µc for (top) an elastic cube with 400
vertices and 1.45 thousand tetrahedra, initially resting on an incline, and (bottom) 4 elastic
octopus models, totaling 15.6 thousand vertices and 60 thousand tetrahedra, dropped into
a box.
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Figure 3.17: A stress test with extreme stretching: a Stanford bunny model with 1.8
thousand vertices and 5.9 thousand tetrahedra is stretched by slowly pulling 10 vertices
away, which are then suddenly released. The model recovers its shape after going through
considerable deformations and high-velocity motion, simulated with self-collisions and
using S = 5 substeps and nmax = 10 iterations per step.

Figure 3.18: A stress test using only a single iteration per frame (i.e., a time step of h = 1/60
seconds and nmax = 1). One vertex on the armadillo model’s nose is pulled while the finger
and toe vertices are fixed. The model has 15 thousand vertices and 50 thousand tetrahedra.
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Figure 3.19: Convergence of different descent methods for simulating an armadillo model
with 15 thousand vertices and 50 thousand tetrahedra with (top) a relatively soft material
and (bottom) a 10× stiffer material. Vertices near the top inside the glass block are fixed
and the models are initially stretched, as shown on the left, by pulling down foot vertices.
Then, the position constraints on foot vertices are suddenly removed, allowing the model
to deform for 33 ms. The deformation is computed using a single time step of h = 33
ms. The graphs show relative loss over iterations and computation time. All methods
are implemented on the GPU using the same framework with single precision (32-bit)
floating-point numbers, except for Newton’s method with Cholesky factorization, which
runs on the CPU using double precision (64-bit). Accelerated versions use ρ = 0.95.
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Figure 3.20: Comparing a single-threaded CPU implementation of our method with single-
threaded Newton’s method (using both CG and Cholesky). The scene is identical to the
bottom row of Figure 3.19 .
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Figure 3.21: A squishy ball with tentacles, comprising 230 thousand vertices and 700
thousand tetrahedra, dropped on the ground, simulated using (a) XPBD with a large
time step and 240 iterations per frame, (b) XPBD with a 25× smaller time step and 250
total iterations per frame, (c) XPBD with the same small time step and iteration count
but with 25× more frequent collision detection, and (d) VBD with a large time step and
240 iterations per frame. Comparing (a) and (d), VBD is faster than XPBD with the same
settings. XPBD’s solution approaches VBD as the time step decreases, but it also requires
more frequent collision detection to achieve a visually similar result to VBD.

Figure 3.22: Dropping a large and heavy elastic cube onto a smaller and much lighter box
with a mass ratio of 1:2000. Each cube has 400 vertices and 1.5 thousand tetrahedra.
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Figure 3.23: A chain of particles connected with soft springs (orange) and 10,000× stiffer
(blue) springs. Simulations with VBD using (a,c) 100 iterations per frame fail to converge
and result in excessive extensions, as compared to (b,d) converged results.
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CHAPTER 4

SHORTEST PATH TO BOUNDARY FOR

SELF-INTERSECTING MESHES

In this section, we propose an algorithm to compute the shortest path to the boundary

for self-intersecting meshes. Using this path, we can derive collision energy En which can

be built into Equation 2.8 to handle collisions between volumetric objects.

A typical solution for resolving intersections (detected via DCD) is finding the closest

boundary point for each intersecting point and then applying corresponding forces/constraints

along the line segment toward this point, i.e., the shortest path to boundary. The length

of this path is the penetration depth. A collision energy can be defined based on the

penetration depth to resolve the intersection.

When two separate objects intersect, finding the closest boundary point is a trivial prob-

lem: it is the closest boundary point on the other object. In the case of self-intersections,

however, even the definition of the shortest path to boundary is somewhat ambiguous.

Consider a point on the boundary and also inside the object due to self-intersections.

Since this point is already on the boundary, its Euclidean closest boundary point would be

itself. Yet, this information is not helpful for resolving the self-intersection. Therefore, we

must give a proper definition for the shortest path to surface in self-intersecting meshes.

4.1 Shortest Path to Boundary
In this section, we provide a formal definition of the shortest path to boundary based on

the geodesic path of the object in the presence of self-intersections (Section 4.1.1). Then, we

present an efficient algorithm to compute it for triangular/tetrahedral meshes in 2D/3D,

respectively, (Section 4.1.2). We also describe how to handle meshes that contain some

inverted elements, (Section 4.1.5). The resulting method provides a robust solution for

handling self-collisions that can be used with various simulation methods and collision

resolution techniques (using forces or constraints).
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Figure 4.1: Illustrations of the notations. (a) Notations on the undeformed pose. (b) No-
tations on the deformed model. The image of the undeformed pose boundary Ψ(∂M) is
marked as the red curve.
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Figure 4.2: Illustration of the definition of shortest path to surface in self-intersecting
meshes. (a) An intersection-free pose of the deformable model M. p1, p2 ∈ M◦. (b) M’s
image under Ψ, where p1, p2 are mapped to the same point p. (c) Treated as different
pre-image, p has different shortest paths to the boundary (blue line). (d) Two paths are
contained by M. (e) Only ps′ is a valid path.
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4.1.1 Shortest Path to Boundary

Consider a self-intersecting model M, such that a boundary point s coincides with an

internal point p. Figure 4.1b shows a 2D illustration, though the concepts we describe here

apply to 3D (and higher dimensions) as well. In this case, s and p have the same geometric

positions, but topologically they are different points. In fact, to fix the self-intersection, we

need to apply a force/constraint that would move s along p’s geodesic shortest path to

boundary.

To provide a formal definition of this geodesic shortest path, we consider a self-intersection-

free form of this model as M which we call undeformed pose, and a deformation Ψ that

maps all points in M to its current shape M, such that M = Ψ(M). Note that our algorithm

(explained in Section 4.1.2) does not actually need computing M or Ψ. For any point p in

M, we represent its image under Ψ as p ∈ M, such that p = Ψ(p). In the following, we

assume that M is a path-connected (i.e., a single piece) manifold, though the concepts

below can be trivially extended to models with multiple separate pieces.

To cause self-intersection, Ψ should not be injective. In this case, Ψ is an immersion of

M but not embedding, meaning multiple points from M are mapped to the same position

p inside M. To differentiate such points that coincide in M, we label them using their

unique positions in M. For simplicity, we say p as p, when we are referring p as the image

of p.

For simplicity, let us consider non-degenerate Ψ that forms no inversion, i.e., det(∇Ψ) >

0. We discuss inversions later in Section 4.1.5. Note that under this Ψ, the boundary of the

undeformed model ∂M does not completely overlap with the boundary of the deformed

model ∂M, i.e., Ψ(∂M) ̸= ∂M, see Figure 4.1b. We use M◦ to denote the set of interior

points of M, such that M = ∂M ∪M◦.

Let s as be a point on the boundary, i.e., s ∈ Ψ(∂M) and we refer to it as an undeformed

pose boundary point s. For a given point p (as p), we can construct a path c(t) : [0, 1] 7→ M

as a continuous curve that connects p = c(0) to s = c(1).

Definition 1 (Valid path). The path c(t) from p (as p) to s (as s) is a valid path if there exists a

continuous curve c(t) : [0, 1] 7→ M such that c(t) = Ψ(c(t)), c(0) = p, c(1) = s.

Based on this definition, a valid path must be the image of a path that is fully contained
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within M, which connects the two points on the undeformed pose we are referring to. Any

path that moves outside of M is considered an invalid path; see Figure 4.2de. Our goal is to

find the shortest valid path from a given point p (as p) to the boundary.

Definition 2 (Shortest path to boundary). For an interior point p (as p), the shortest path to

boundary is the shortest curve c(t) in M that connects p to a boundary point s (as s) that is a

valid path between p and s.

Definition 3 (Closest boundary point). For an interior point p (as p), the closest boundary

point is the boundary point s (as s) at the other end of p’s shortest path to boundary c(t) =

Ψ(c(t)), such that s = c(1) and s = c(1).

Here we must emphasize that the definition of the shortest path is dependent on the

pre-image point we are referring to. For a point located at the overlapping part of M,

referring to it as a different point on the undeformed pose may lead to a different shortest

path to the boundary (see Figure 4.2c). Also, this definition is equivalent to the image of

p’s global geodesic path to boundary in M evaluated under the metrics pulled back by Ψ.

Thus the shortest path we defined is a special class of geodesics.

To construct an efficient algorithm for finding the shortest path, we rely on two prop-

erties:

• First, by definition, the shortest path must be a continuous curve that is fully con-

tained inside undeformed model M.

• Second, the shortest path (under the Euclidean distance metrics) that connects two

points in the deformed model M must be a line segment.

Based on these properties, we can construct and prove the fundamental theorem of our

algorithm:

Theorem 1. For any point p ∈ M (as (p), its shortest path to the boundary is the shortest line

segment from p to a boundary point s ∈ Ψ(∂M) (as s), that is a valid path.

Here we verbally prove the theorem, we also provide a formal proof in the supplemen-

tary document. If the shortest path is not a line segment, we can continuously deform

it into a line segment, while keeping the end points fixed. This procedure can induce a
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deformation on the undeformed pose, which continuously deforms the pre-image of that

curve to the pre-image of the line segment, while keeping the end points fixed. This is

always achievable because the curve cannot touch the boundary of the undeformed pose

during the deformation, otherwise, we will form an even shorter path to the boundary.

Thus the line segment is also a valid path.

Based on these properties, our algorithm investigates a set of candidate boundary

points s and checks if the line segment from the interior point p to s is a valid path. This is

accomplished without having to construct M or determine the deformation Ψ by relying

on the topological connections of the given discretized model.

4.1.2 Shortest Path to Boundary for Meshes

In practice, models we are interested in are discretized in a piecewise linear form. These

are triangular meshes in 2D and tetrahedral meshes in 3D. We refer to each piecewise

linear component as an element (i.e., a triangle in 2D and a tetrahedron in 3D) and the one-

dimension-lower-simplex shared by two topologically-connected elements as a face (i.e.,

an edge between two triangles in 2D and a triangular face between two tetrahedra in 3D).

This discretization makes it easy to test the validity of a given path, without constructing

a self-intersection-free M or the related deformation Ψ.

We propose the concept of element traversal for meshes, as a sequence of topologically

connected elements:

Definition 4 (Element traversal). For a mesh M, and two-point a ∈ ea, b ∈ eb, we define a

element traversal from a to b as a list of elements T (a, b) = (e0, e1, e2, . . . , ek), where ei is a

element of M, e0 = ea, ek = eb, and ei ∩ ei+1 must be a face.

Specifically, we call it tetrahedral traversal for 3D meshes, and triangular traversal for 2D

meshes.

Let c(t) be a line segment from a point p inside an element ep to a boundary point s of

a boundary element es (with a boundary face that contains s). If c(t) is a valid path, there

must be a corresponding piecewise linear path c(t) in M from p to s that passes through

an element traversal of M. Actually, an element traversal containing c(t) is the sufficient

and necessary condition for c(t) being a valid path. Please see the supplementary material
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for a rigorous proof.

Thus, evaluating whether c(t) is a valid path, is equivalent to searching for an element

traversal from s to p, and a piece-wise linear curve c(t) : I 7→ M defined on it, such that

c(t) = Ψ(c(t)). Such an element traversal and piece-wise linear curve can be efficiently

constructed in M.

Going through the element traversal, c(t) must pass through faces shared by neighor-

ing elements at points ri ∈ ei ∩ ei+1, where i = 0, 1, 2, . . . , k− 1. When Ψ forms no inversion,

corresponding face points ri must be along the line segment c(t), i.e., ri = c(ti) for some

ti ∈ [0, 1]; see Figure 4.3a. If we can form such an element traversal using the topological

connections of the model, we can safely conclude that the path is valid.

This gives us an efficient mechanism for testing the validity of the shortest path from

p to s. Starting from ep, we trace a ray from p towards s and find the first face point r0.

If r0 is not on the boundary, this face must connect ep to a neighboring element e1. Then,

we enter e1 from r0 and trace the same ray to find the exit point r1 on another face. We

continue traversing until we reach es, in which case we can conclude that this is a valid

path; see Figure 4.3a. This also includes the case ep = es. If we reach a face point ri that

is on the boundary (see Figure 4.3b) or we pass-through s without entering es, s cannot be

the closest boundary point to p.

This process allows us to efficiently test the validity of a path to a given boundary

point, but we have infinitely many points on the boundary to test. Fortunately, we are

only interested in the shortest path and we can use the theorem below to test only a single

point per boundary face.

Theorem 2. For each interior point p (as p), if its closest boundary point s (as s) is on the boundary

face f , s must also be the Euclidean closest point to p on f .

The proof is similar to Theorem 1, which is included in the supplementary document.

Based on Theorem 2, we only need to check a single point (the Euclidean closest point) on

each boundary face to find the closest boundary point. If we test these boundary points in

the order of increasing distance from the interior point p, as soon as we find a valid path

to one of them, we can terminate the search by returning it as the closest boundary point.

In practice, we use a BVH (bounding volume hierarchy) to test these points, which allows
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Figure 4.3: Illustration of elemental traversal. (a) An example of a triangular traversal,
marked by red triangles. A line segment connecting p and s is included in this triangular
traversal. (b) An example of a line segment being an invalid path when there are self-
intersections, the triangular traversal (marked by the red triangles) stops at the boundary
of the mesh but the line segment penetrates the boundary and continues going.

testing them approximately (though not strictly) in the order of increasing distance and,

once a valid path is found, quickly skipping the further away bounding boxes.

4.1.3 Robust Topological Ray Traversal

The process we describe above for testing the validity of the linear path to a candidate

boundary point involves traversing a ray through the mesh. This ray traversal is signif-

icantly simpler than typical ray traversal algorithms used for rendering with ray tracing.

This is because it directly follows the topological connections of the mesh.

At each step, the ray enters an element through one of its faces and must exit from one

of its other faces. Therefore, we do not need to rely on an acceleration structure to quickly

determine which faces to test ray intersections, as they are directly known from the mesh

topology. In fact, we do not need to check each one of the other faces individually, since

the ray exits from exactly one of them. Therefore, we can quickly test all possible exit faces

together.

For example, [187] present such a tetrahedral traversal algorithm in 3D. Yet, due to

limited numerical precision, this algorithm is prone to forming infinite loops. Such infinite

loops are easy to detect and terminate (e.g., using a maximum iteration count), but such
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premature terminations are entirely unacceptable in our case. This is because incorrectly

deciding on the validity of a path would force our algorithm to pick an incorrect shortest

path to boundary, which can be arbitrarily far from the correct one. Therefore, the simu-

lation system that relies on this shortest path to boundary can place strong and arbitrarily

incorrect forces/constrains in an attempt to resolve the self-intersection.

Our solution for properly resolving such cases that arise from limited numerical preci-

sion is three fold:

1. We allow ray intersections with more than one face by effectively extending the faces

using a small tolerance parameter ϵi in the intersection test. This forms branching

paths when a ray passes between multiple faces and, therefore, intersects (within ϵi)

with more than one of them.

2. We keep a list of traversed elements and terminate a branch when the ray enters an

element that was previously entered.

3. We keep a stack containing all the candidate intersecting faces from the intersection

test. After a loop is detected, we pick the latest element from it and continue the

process.

Please see our supplementary material for the pseudo-code and more detailed explana-

tions of our algorithm.

In practice such branching happens rarely, but solution ensures that we never incor-

rectly terminate the ray traversal. Note that ϵi is a conservative parameter for extending the

ray traversal through branching to prevent problems of numerical accuracy issues. It does

not introduce any error to the final shortest paths we find. Using an unnecessarily large

ϵi would only have negative, though mostly imperceptible, performance consequences.

We verified this by making the ϵi ten times larger, which did not result in a measurable

performance difference.

One corner case is when the internal point p (as p) and the boundary point s (as s)

coincide, such that p = s (within numerical precision). This forms a line segment with

zero length and, therefore, does not provide a direction for us to traversal. This happens

when testing self-intersections of boundary points, which pick themselves as their first

candidate for the closest boundary point. This zero-length line segment cannot be a valid
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Figure 4.4: An object M2 intersects with a self-intersecting object M1. A surface point of
M2 is overlapping with an interior point p1 ∈ M1. s and s′ are p1’s closest boundary point
by our definition and Euclidean closest boundary point, respectively.

path. Fortunately, since we know we are testing self-intersection for s, when the BVH

query returns the boundary face includes s, we can directly reject it.

4.1.4 Intersections of Different Objects

Although our method is mainly designed for solving self-intersections, it is still needed

for handling intersections of different objects when they may have self-intersections as

well. As shown in Figure 4.4, an object M2 intersects with a self-intersecting object M1,

where a surface point of M2 is overlapping with an interior point p1 ∈ M1. Simply

querying for p1’s Euclidean closest boundary point in M1 will give us s′, which does

not help resolve the penetration. This is because p1s′ is not a valid path between p1 (as

p1 ∈ M◦1) and s′1 as (s′ ∈ ∂M1 ). What is actually needed is p1’s shortest path to boundary

as p1, which is the same problem as the self-intersection case, a surface point of M1 is

overlapping with an interior point p1 ∈ M1.
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Figure 4.5: Handling internal inverted elements. (a) A part of the undeformed pose of a
triangular mesh M, which is inversion free. p ∈ M, s ∈ ∂M. A surface edge is marked with
red color. (b) The image of M under Ψ, the tetrahedron t2 (colored with gray), is inverted
by Ψ. The green line illustrates p’s global geodesics to the surface, it has a self-overlapping
part, which is marked by the two-sided arrow. (c) An interior tetrahedron is inverted
and got out of the surface. In this case, the global geodesics to the surface path can go
backward.
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Figure 4.6: Handling surface inverted elements. (a) A part of the undeformed pose of a
triangular mesh M, which is inversion free. The surface edges are marked with red color.
(b) After deformation, a triangle (marked by gray color), is inverted and folded into the
interior of the mesh. A deformed surface point s overlaps with the interior point p.
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4.1.5 Inverted Elements

Our derivations in Section 4.1.1 assume that det(∇Ψ) > 0 everywhere. For a discrete

mesh, this would mean no inverted or degenerate elements. Unfortunately, though in-

verted elements are often highly undesirable, they are not always unavoidable. Fortu-

nately, the algorithm we describe above can be slightly modified to work in the presence

of certain types of inverted elements.

If the inverted elements are not a part of the mesh boundary, we can still test the validity

of paths by allowing the ray traversal to go backward along the ray. This is because the

ray would need to traverse backward within inverted elements. In addition, we cannot

simply terminate the traversal once the ray passes through the target point, because an

inverted element further down the path may cause backward traversal to reach (or pass

through) the target point; see Figure 4.5b. Therefore, ray traversal must continue until a

boundary point is reached. We also need to allow the ray to go behind the starting point;

see Figure 4.5c.

A consequence of this simple modification to our algorithm is that, when we begin

from an internal point p toward a boundary point s, it is unclear if we would reach s by

beginning the traversal toward s or in the opposite direction. While one may be more

likely, both are theoretically possible.

To avoid this decision, in our implementation, we start the traversal from the target

boundary point s. In this case, there is no ambiguity, since there is only one direction we

can traverse along the ray. This also allows using the same traversal routine for the first

element and the other elements along the path by always entering an element from a face.

Therefore, it is advisable even in the absence of inverted elements.

Nonetheless, our algorithm is not able to handle all possible inverted elements. For

example, if the inverted element is on the boundary, as shown in Figure 4.6, the inversion

itself can cause self-intersection. In such a case, a surface point s is overlapping with an

interior point p (as p). Our algorithm will not be able to try to construct a tetrahedral

traversal between those two points because we cannot determine a ray direction for a

zero-length line segment. Actually, in this case, the very definition of the closest boundary

point can be ambiguous.

Our solution is to skip the self-intersection detection of inverted boundary elements. As
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a result, the only way for us to solve such self-intersections caused by inverted boundary

elements is to resolve the inversion itself. Fortunately, inverted elements are undesirable

for most simulation scenarios, and they are often easier to fix for boundary elements.

Unfortunately, if the inverted boundary elements have global self-intersections with other

parts of the mesh, our solution ignores them. Though this does not form a complete

solution, because the inverted boundary elements are rare, the other boundary elements

surrounding the inverted elements are often enough to solve the global self-intersection.

4.1.6 Infeasible Region Culling

In a lot of cases, it is possible to determine that a given candidate boundary point

s cannot be the closest boundary point to an interior point p, purely based on the local

information about the mesh around s, without performing any ray traversal.

For this test we construct a particular region of space, i.e., the feasible region, around s.

When p is outside of this region of s, thus in its infeasible region, we can safely conclude

that s is not the closest boundary point.

The formulation of the feasible region can be viewed as a discrete application of the

well-known Hilbert projection theorem. The construction of this feasible region depends

on whether s is on a vertex, edge, or face.

4.1.6.1 Vertex Feasible Region

In 2D, when s is on a vertex, the feasible region is bounded by the two lines passing

through the vertex and perpendicular to its two boundary edges, as shown in Figure 4.7a.

For a neighboring boundary edge of s and its perpendicular line that passes through s, if

p is on the same side of the line as the edge, based on Theorem 2, there must be a closer

boundary point on the face. More specifically, for any neighboring boundary vertex vi

connected to s by a edge, if the following inequality is true, p is in the infeasible region:

(p− s) · (s− vi) < 0 , (4.1)

The same inequality holds in 3D for all neighboring boundary vertices vi connected to s

by an edge (Figure 4.7b). The 3D version of the vertex feasible region is actually the space

bounded by a group of planes perpendicular to its neighboring edges.
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(b)
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Figure 4.7: The feasible region, shaded in blue, for (a) a boundary vertex in 2D, (b) a
boundary vertex in 3D, and (c) a boundary edge in 3D. Note that the 3D meshes in (b) and
(c) are observed from the inside.

4.1.6.2 Edge Feasible Region

In 3D, when s is on the edge of a triangle, its feasible region is the intersection of 4

half-spaces defined by four planes: two planes that contain the edge and perpendicular to

its two adjacent faces, and two others that are perpendicular to the edge and pass through

its two vertices, as shown in Figure 4.7c. Let v0 and v1 be the two vertices of the edge and

n0 and n1 be the two neighboring face normals (pointing to the interior of the mesh). p is

in the infeasible region if any of the following is true:

(p− v0) · (v1 − v0) < 0 (4.2)

(p− v1) · (v0 − v1) < 0 (4.3)

(p− s) · (n0 × (v1 − v0)) < 0 (4.4)

(p− s) · (n1 × (v0 − v1)) < 0 (4.5)

note that n0 is from the face whose orientation accords to v0 → v1.

4.1.6.3 Face Feasible Region

We can similarly construct the feasible region when s in on the interior of a face as

well. Nonetheless, this particular feasible region test is unnecessary, because when s is the

closest point on the face to p, which is how we pick our candidate boundary points (based

on Theorem 2), p is guaranteed to be in the feasible region.

Our infeasible region culling technique performs the tests above and skips the ray traver-

sal if p is determined to be in the infeasible region, quickly determining that s cannot

be the closest boundary point. Due to numerical precision, the feasible region check can
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return false results when p is close to the boundary of the feasible region. There are two

types of errors: false positives and false negatives. A false positive is not a big problem:

it will only result in an extra traversal. But if a false negative happens, there is a risk of

discarding the actual closest surface point. In practice, however, we replace the zeros on

the right-hand-sides of the inequalities above with a small negative number ϵr to avoid

false-positives due to numerical precision limits. In our tests, we have observed that

infeasible region culling can provide more than an order of magnitude faster shortest path

query.

4.2 Collision Handling Application
As mentioned above, an important application of our method is collision handling with

DCD. When DCD finds a penetration, we can use our method to find the closest point

on the boundary and apply forces or constraints that would move the penetrating point

towards this boundary point.

In our tests with tetrahedral meshes, we use two types of DCD: vertex-tetrahedron and

edge-tetrahedron collisions. For vertex-tetrahedron collisions, we find the closest surface

point for the colliding vertex. For edge-tetrahedron collisions, we find the center of the

part of the edge that intersects with the tetrahedron and then use our method to find the

closest surface point to that center point. If an edge intersects with multiple tetrahedra,

we choose the intersection center that is closest to the center of the edge. The idea is by

keep pushing the center of the edge-tetrahedron intersection towards the surface, which

eventually resolves the intersection.

This provides an effective collision handling method with XPBD [38]. Once we find the

penetrating point x we use the standard PBD collision constraint [37]

c(x, s) = (x− s) · n (4.6)

where s is the closest surface point computed by our method when this collision is from

DCD, or the colliding point when it is from CCD, and n is the surface normal at s. If s

is on a surface edge or vertex, we use the area-weighted average of its neighboring face

normals. The XPBD integrator applies projections on each collision constraint c to satisfy

c(x, s) ≥ 0. We also apply friction, following [189].
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Figure 4.8: Dropping 8 octopi to a box simulated with (a) CCD only, (b) DCD with our
shortest path query only, and (c) CCD and DCD with our shortest path query. The bottom
row shows the bottom view of the final state. The blue tint highlights the intersecting
geometry. The octopus model is from [188].
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Figure 4.9: Dropping 6 octopi into a box simulated using implicit Euler. This simulation
contains 30K vertices and 88K tetrahedra and it takes an average of 15s to simulate each
frame.

(a) (b) (c) (d) (e)

Figure 4.10: Flattening a squishy ball (774K vertices, 2.81M tetrahedra) using two planes.
(a-c) the flattening process, (d) Side view of the flattened ball to 1/20 of its radius, and
(e) the other side of the flattened squishy ball.

Figure 4.11: Simulation of two squishy balls in head-on collision that come to contact at a
relative speed of 50m/s. Both self-collisions and collisions between the two squishy balls
are handled using our method.
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Unlike CCD alone, DCD with our method significantly improves the robustness of

collision handling when using a simulation system like XPBD that does not guarantee

resolving all collision constraints. This is demonstrated in Figure 4.8, comparing different

collision detection approaches with XPBD. Using only CCD leads to missed collisions

when XPBD fails to resolve the collisions detected in previous steps, because CCD can

no longer detect them. This quickly results in objects completely penetrating through

each other (Figure 4.8a). Our method with only DCD effectively resolves the majority

of collisions (Figure 4.8b), but it inherits the limitations of DCD. More specifically, using

only DCD with sufficiently large time steps and fast enough motion, some collisions can be

missed and deep penetrations can resolve the collisions by moving the objects in incorrect

directions, again resulting in object parts passing through each other. Furthermore, our

method only provides the closest path to the boundary and properly resolving the colli-

sions is left to the simulation system. Unfortunately, XPBD cannot provide any guarantees

in collision resolution, so detected penetrations may remain unresolved.

We recommend a hybrid solution that uses both CCD and DCD with our method. This

hybrid solution performs DCD in the beginning of the time step to identify the preexisting

penetrations or collisions that were not properly resolved in the previous time step. The

rest of the collisions are detected by CCD without requiring our method to find the closest

surface point. The same simulation with this hybrid approach is shown in Figure 4.8c.

Since all penetrations are first detected by CCD and proper collision constraints are applied

immediately, deep penetrations become much less likely even with large time steps and

fast motion. Yet, this provides no theoretical guarantees. The addition of CCD allows the

simulation system to apply collision constraints immediately, before the penetrations be-

come deep, and DCD with our method allows it to continue applying collision constraints

when it fails to resolve the initial collision constraints. Note that, while this significantly

reduces the likelihood of failed collisions, they can still occur if the simulation system

keeps failing to resolve the detected collisions.

The collision handling application of our method is not exclusive to PBD. Our method

can also be used with force-based simulation techniques for defining a penalty force with

penetration potential energy

Ec =
1
2

k
(
(p− s) · n

)2 (4.7)
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where k is the collision stiffness.

An example of this is shown in Figure 4.9.

4.3 Results
We use XPBD [38] to evaluate our method, because it is one of the fastest simulation

methods for deformable objects, providing a good baseline for demonstrating the minor

computation overhead introduced by our method. We use mass-spring or NeoHookean

[190] material constraints implemented on the GPU. We handle the collision detection and

handling part on the CPU, including the position updates of the collision constraints. We

use the hybrid collision detection approach that combines CCD and DCD, as explained

above.

We implement both collision detection and closest point query on CPU using Intel’s

Embree framework [183] to create BVH.

We generate our timing results on a computer with an AMD Ryzen 5950X CPU, an

NVIDIA RTX 3080 Ti GPU, and 64GB of RAM. We acknowledge that our timings are

affected by the fact that we copy memory from GPU to CPU every iteration in order to

do collision detection and handling, and the whole framework can be further accelerated

by implementing the collision detection and shortest path querying on the GPU. As to the

parameters of the algorithm, we set ϵr to −0.01. ϵi is related to the scale and unit of the

object, when the object is at a scale of a few meters, we set ϵi to 1−10.

4.3.1 Stress Tests

Figure 4.10 shows a squishy ball with thin tentacles compressed on two sides and

flattened to a thickness that is only 1/20 of its original radius. Notice that all collisions,

including self-intersections of tentacles, are properly resolved even under such extreme

compression. Also. the model was able to revert to its original state after the the two

planes compressing it were removed.

Figure 4.11 shows a high-speed head-on collision of two squishy balls. Though the

tentacles initially get tangled with frictional-contact right after the collision, all collisions

are properly resolved and the two squishy balls bounce back, as expected.

Figure 4.12 shows two challenging examples of self-collisions caused by twisting a thin
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beam and two elastic rods. Both instances have shown notable buckling after the twisting.

A Such self-collisions are particularly challenging for prior self-collision handling methods

that pre-split the model into pieces, since it is unclear where the self-collisions might occur

before the simulation.

Another challenging self-collision case is shown in Figure 4.13, where nested knots

were formed by pulling an elastic rod from both sides. In this case, there is a significant

amount of sliding frictional self-contact, changing pairs of elements that collide with each

other. Though a substantial amount of force is applied near the end, the simulation is able

to form a stable knot.

Figure 4.14 shows the same experiment using naive closest boundary point computa-

tion for the collisions between the two squishy balls (by picking the closest boundary point

on the other object purely based on Euclidean distances), only handling self-collisions

with our method. Notice that it includes (temporarily) entangled tentacles between the

two squishy balls and visibly more deformations of tentacles elsewhere, as compared to

using our method (Figure 4.14). This is because, in the presence of self-collisions, naively

handling closest boundary point queries between different objects is prone to picking

incorrect boundary points that do not resolve the collision, resulting in prolonged contact

and inter-locking.

4.3.2 Solving Existing Intersections

Our method can successfully resolve existing self collisions. A demonstration of this

is provided in Figure 4.15. In this example, the initial state (Figure 4.15a) is generated

by dropping a noodle model without handling self-collisions. When we turn on self-

collisions, all existing self-intersections are quickly resolved within 10 substeps (Figure 4.15b),

resulting in numerous inverted elements due to strong collision constraints. Then, the sim-

ulation resolves them (Figure 4.15c) and finally the model comes to a rest with self-contact

(Figure 4.15d). In this experiment, we perform collision projections for all vertices (not

only for surface vertices) and all tetrahedra’s centroids to resolve the intersection in the

completely overlapping parts. Note that we do not provide a theoretical guarantee to

resolve all the existing intersections. In practice, however, in all our tests all collisions are

resolved after just a few iterations/substeps.
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Figure 4.12: Twisting (top-middle) a thin beam with 400K vertices & 1.9M tetrahedra, and
(bottom) two elastic rods with 281K vertices & 1.3M tetrahedra, demonstrating unpre-
dictable self-collisions and buckling.

Figure 4.13: Simulation of a nested knot starting from (left) the initial state to (right) the
final knot.
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Figure 4.14: Two squishy balls in head-on collision comparing collision handling between
two different objects (a) by naively accepting the Euclidean closest point as the closest
boundary point and (b) with our method. All self-collisions are handled using our method
in both cases.
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(a) (b)

(c) (d)
Figure 4.15: Solving existing collisions. Starting from (a) an initial state with many self-
collisions, (b) after collision handling is enabled, (c) our method can quickly resolve them,
and (d) achieve a self-collision-free final state.
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(a) (b)

(c) (d)
Figure 4.16: Our method simulates a squishy ball with (a) an initial state with complicated
self-intersections where the intersecting part was colored blue. Within a few substeps (b,c),
our method is able to resolve self-intersections back to a penetration-free state (c). Then
we release the compressing plane constraint, and all the tentacles are able to bounce back
without any self-intersections, as shown in (d).
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Figure 4.17: 600 deformable octopus models (3.1M vertices and 8.88M tetrahedra in total)
dropped into a container, forming a pile with collisions.

Figure 4.18: Simulation of 16 squishy balls (a total of 11.2 million tetrahedra) dropped into
a bowl, forming a stable pile with active collisions.

Figure 4.19: Simulation of a long noodle presenting unpredictable complex self-collisions
and forming a large pile with self-collisions.



82

Another example is shown in Figure 4.16, generated by compressing a squishy ball

with two planes on either side, similar to Figure 4.10 but without handling self-collisions.

This results in a significant number of complex unresolved self-collisions (Figure 4.16a),

which are quickly resolved within a few substeps when self-collision handling is turned

on (Figure 4.16b, c, d).

4.3.3 Large-Scale Experiments

An important advantage of our method is that, by providing a robust collision handling

solution, we can use fast simulation techniques for scenarios involving a large number of

objects and complex collisions.

An example of this is demonstrated in Figure 4.17, showing 600 deformable octopus

models forming a pile. Due to its complex geometry, the octopus model can cause numer-

ous self-collisions and inter-object collisions. Both collision types are handled using our

method. At the end of the simulation, a stable pile is formed with 185K active collisions

per time step.

Figure 4.18 shows another large-scale experiment involving 16 squishy balls. At the end

of the simulation, the squishy balls form a stable pile and remain in rest-in-contact with

active self-collisions (12K) and inter-object collisions (125K) between neighboring squishy

balls.

We also include an experiment with a single long noodle piece in Figure 4.19 that is

dropped into a bowl. This simulation forms numerous complex and unpredictable self-

collisions (Figure 4.19a). At the end of the simulation, we achieve a stable pile with 104K

active self-collisions per time step in this example.

4.3.4 Performance

We provide the performance numbers for the experiments above in Table 4.1. Notice

that, even though we are using a highly efficient material solver that is parallelized on

the GPU, our method provides a relatively small overhead. This includes some highly-

challenging experiments, involving a large number of complex collisions. The highest

overhead of our method is in experiments in which deliberately disabled self-collisions

to form a large number of complex self-collisions. Note that all collision detection and

handling computations are performed on the CPU, and a GPU implementation would
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Without Infeasible 
Region Culling

Computation Time Statistics

With Infeasible 
Region Culling

Figure 4.20: The computation time statistics of each simulation component on stacked bar
charts: (top) without infeasible region culling and (bottom) with infeasible region culling.
The middle row shows the simulation at frames 0, 75, 125, 175 respectively.
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likely result in a smaller overhead.

We demonstrate the effect of our infeasible region culling by simulating a squishy

ball dropped to the ground with and without this acceleration. The computation time

breakdown of all frames are visualized in Figure 4.20. In this example, using our infeasible

region culling, the shortest path query gains a speed-up of 10-30× for some frames, pro-

viding identical results. Additionally, the accelerated shortest path query results in a more

uniform computation time, avoiding the peaks visible in the graph.

4.3.5 Comparisons to Rest Shape Shortest Paths

A popular approach in prior work for handling self-collisions is using the rest shape of

the model that does not contain self-collisions for performing the shortest path queries.

This makes the computation much simpler, but obviously results in incorrect shortest

boundary paths. With sufficient deformations, these incorrect boundary paths can lead

to large enough errors and instabilities.

Figure 4.21 shows a simple example, where a small cube is dropped onto a deformed

object. Notice that the rest shape of the object (Figure 4.21a) is sufficiently different from

the deformed shape (Figure 4.21b). With collision handling using this rest shape, the

cube moves against gravity and eventually bounces back (Figure 4.21c), instead of sliding

down the surface, as simulated using our method (Figure 4.21d). Figure 4.21e shows a

2D illustration of example shortest paths generated by both methods. Notice that using

the rest shape results in a longer path to the surface that corresponds to higher collision

energy. In contrast, our method minimizes the collision energy by using the actual shortest

path to the boundary.

Figure 4.22 shows a more complex example with self-collisions that is initially sim-

ulated using our method (Figure 4.12) until complex self-collisions are formed. When

we switch to using the rest shape to find the boundary paths, the simulation explodes

following a number of incorrectly-handled self-collisions.

In general, using the rest shape not only generates incorrect shortest boundary paths,

but also injects energy into the simulation. This is because an incorrect shortest boundary

path is, by definition, longer than the actual shortest boundary path, thereby corresponds

to higher potential energy.
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Figure 4.21: Comparison between the rest pose closest boundary point and our closest
boundary point. (a) The rest pose the cuboid model. (b) We deform the cuboid to a certain
shape, then drop a cube on top of it. (c) In the simulation using the rest pose closest
boundary point, the cube got incorrectly pulled up. (d) Using our exact closest point,
the cube successfully slides down. (e) The shortest path to the surface for an example
point, showing that using the closest surface point queried from the rest shape results in
an incorrect and longer path.
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(a)

(b)
Figure 4.22: Simulation of twisting a thin beam, shown in Figure 4.12, soon after replacing
our method with using the rest pose for finding the closest boundary point: (a) instabilities
caused by incorrect closest boundary points found using this approach, and (b) exploded
simulation after a few frames.
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4.4 Discussion
An important advantage of our method is that it can work with simulation systems

that do not provide any guarantees about resolving collisions. Therefore, we can use fast

simulation techniques like XPBD to handle complex scenarios involving numerous self-

collisions, as demonstrated above.

Yet, our method cannot handle all types of self-collisions and it requires a volumetric

mesh. We cannot handle collisions of codimensional objects, such as cloth or strands. Our

method would also have difficulties handling meshes with thin volumes or no interior

elements.

Our method is essentially a shortest boundary path computation method. It is based

on the fact that an interior point’s shortest path to the boundary is always a line segment.

This assumption always holds for objects like tetrahedral meshes in 3D or triangular mesh

in 2D Euclidean space. Therefore, our method cannot handle shortest boundary paths in

non-Euclidean spaces, such as geodesic paths on surfaces in 3D.

Using our method for collision handling with DCD inherits the limitations of DCD. For

example, when with large time steps and sufficiently fast motion, penetration can get too

deep, and the shortest boundary path may be on the other side of the penetrated model,

causing undesirable collision handling. In practice, this problem can be efficiently solved

by coupling CCD and DCD, as we demonstrate with our results above.



88

T a
bl

e
4.

1:
Pe

rf
or

m
an

ce
re

su
lt

s.
Ti

m
e

st
ep

si
ze

an
d

fr
am

e
ti

m
es

ar
e

gi
ve

n
in

se
co

nd
s,

w
he

re
fr

am
e

ti
m

es
ar

e
m

ea
su

re
d

at
60

FP
S.

O
pe

ra
ti

on
s

Q
.,

Tr
.,

an
d

Te
t.

re
pr

es
en

t
th

e
nu

m
be

r
of

BV
H

qu
er

ie
s,

tr
av

er
sa

ls
,a

nd
to

ta
lt

et
ra

he
dr

a
vi

si
te

d
on

av
er

ag
e

pe
r

ti
m

e
st

ep
,

re
sp

ec
ti

ve
ly

.

N
um

be
r

of
A

vr
g.

C
ol

lis
io

ns
A

vr
g.

O
pe

ra
ti

on
s

Ti
m

e
St

ep
Fr

am
e

Ti
m

e
A

ve
ra

ge
Ti

m
e

%
Ve

rt
.

Te
t.

C
C

D
D

C
D

Q
.

Tr
.

Te
t.

Si
ze
×

It
er

.
A

vr
g.

M
ax

.
X

PB
D

C
C

D
D

C
D

O
ur

s
Fl

at
te

ne
d

Sq
ui

sh
y

Ba
ll

(F
ig

.4
.1

0)
77

4
K

2.
81

M
16

.8
K

7.
1

K
56

6.
6

5.
2

3.
3e

-4
×

3
10

.8
9

18
.0

4
30

.9
%

29
.0

%
31

.7
%

8.
3

%
Tw

is
te

d
Th

in
Be

am
(F

ig
.4

.1
2)

40
0

K
1.

9
M

8.
3

K
3.

1
K

45
5.

7
7.

2
3.

3e
-4
×

3
8.

16
15

.9
2

29
.7

%
31

.3
%

32
.1

%
6.

9
%

Tw
is

te
d

R
od

s
(F

ig
.4

.1
2)

28
1

K
1.

3
M

4.
8

K
2.

6
K

33
5.

3
4.

7
3.

3e
-4
×

3
5.

25
11

.1
7

42
.1

%
26

.9
%

27
.0

%
4.

0
%

N
es

te
d

K
no

ts
(F

ig
.4

.1
3)

38
.1

K
10

3
K

3.
1

K
0.

6
K

31
4.

2
4.

4
5.

5e
-4
×

3
0.

25
0.

32
61

.8
%

23
.3

%
9.

5
%

5.
2

%
2

Sq
ui

sh
y

Ba
lls

(F
ig

.4
.1

1)
41

8
K

1.
4

M
22

.4
K

1.
3

K
36

9.
6

11
.3

3.
3e

-4
×

3
1.

96
2.

87
52

.2
%

28
.4

%
18

.5
%

10
.9

%
Pr

e-
In

te
rs

ec
t.

N
oo

dl
e

(F
ig

.4
.1

5)
40

K
11

0
K

N
/A

15
.2

K
65

12
.0

13
.6

8.
3e

-4
×

3
0.

21
0.

45
51

.6
%

17
.6

%
18

.4
%

12
.4

%
Pr

e-
In

te
rs

ec
t.

Sq
ui

sh
y

Ba
ll

(F
ig

.4
.1

6)
21

9
K

70
4

K
N

/A
45

.8
K

89
12

.0
14

.0
3.

3e
-4
×

3
1.

54
2.

63
44

.3
%

18
.2

%
19

.1
%

18
.4

%
60

0
O

ct
op

i
(F

ig
.4

.1
7)

3.
1

M
8.

88
M

10
4.

0
K

6.
4

K
12

3.
6

4.
1

8.
3e

-4
×

3
16

.4
0

17
.9

0
68

.3
%

15
.4

%
13

.4
%

2.
9

%
16

Sq
ui

sh
y

Ba
lls

(F
ig

.4
.1

8)
3.

5
M

11
.2

M
11

8.
5

K
8.

5
K

29
4.

5
6.

6
3.

3e
-4
×

3
18

.5
0

20
.2

0
49

.3
%

25
.0

%
21

.8
%

3.
9

%
Lo

ng
N

oo
dl

e
(F

ig
.4

.1
9)

86
0

K
2.

29
M

10
2.

6
K

6.
1

K
11

3.
6

3.
2

8.
3e

-4
×

3
4.

10
4.

50
67

.6
%

14
.8

%
14

.9
%

2.
7

%
8

O
ct

op
iC

C
D

O
nl

y
(F

ig
.4

.8
a)

40
K

11
8

K
2.

1
K

N
/A

N
/A

N
/A

N
/A

3.
3e

-3
×

5
0.

02
8

0.
03

6
86

.6
%

13
.4

%
N

/A
N

/A
8

O
ct

op
iD

C
D

O
nl

y
(F

ig
.4

.8
b)

40
K

11
8

K
N

/A
2.

4
K

13
3.

7
4.

1
3.

3e
-3
×

5
0.

03
8

0.
04

5
79

.2
%

N
/A

10
.7

%
10

.1
%

8
O

ct
op

ih
yb

ri
d

(F
ig

.4
.8

c)
40

K
11

8
K

2.
3

K
0.

2
K

11
3.

3
3.

9
3.

3e
-3
×

5
0.

03
5

0.
03

8
79

.3
%

10
.1

%
9.

6
%

1.
0

%



CHAPTER 5

OFFSET GEOMETRY CONTACT

In this section, we propose a collision energy En hat ensures the derived contact forces

are always orthogonal to the surface. This energy can be incorporated into Equation 2.8

to effectively handle collisions between codimensional objects. The orthogonality of the

contact force allows for a larger contact radius, thereby mitigating the stiffness problem

associated with collision energy. We also propose a constraint handling scheme for solv-

ing the penetration-free constraint in Equation 2.12, thereby providing a penetration-free

guarantee for the whole simulation process.

5.1 Contact Force
Contact occurs between two surfaces. For each point on one surface that contacts

another surface, it is subjected to a contact force from the opposing surface. This force

generally consists of two components: a normal force, which acts perpendicular to the

contact surface, and a friction force, which acts parallel to the contact surface and is linearly

related to the normal force. The normal force is a conservative force, while the friction force

is not. Therefore we can write normal force as the negative gradient of a normal contact

energy En. The formulation of En differentiates different contact models.

5.1.1 Basic Contact Model

In physics-based simulation, surfaces are represented by polygonal mesh, denoted by

M = {V , E , T }, where V , E , T denote the set of vertices (0-face), edges (1-face) and facets

(2-face, e.g., triangles, quadrilaterals, etc.), respectively. It is important to note that M can

consist of multiple connected components, which accommodates the presence of multiple

models. Therefore, without loss of generality, in the following discussion, we assume the

presence of a single mesh M. We denote X ∈ RK×3 as the stacked positions of all the

vertices, where K = |V|. The position of vertex v is represented as xv.
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We define the normal contact energy as a function of the distance between two primi-

tives, namely, between a vertex and a facet or between two edges. Based on the first law of

friction, the contact force can be computed in such order: computing the normal force first,

and then calculating the friction force using the friction coefficient. Therefore, the normal

contact force plays a key role in the computation of contact force.

We start with the vertex-facet contact pair. Given a mesh M, the normal contact energy

Ev f
n of M is usually defined in the following form:

Ev f
n (M, r) = ∑

a∈F (v)
g(dis(xv, a), r) , (5.1)

where F (v) is the set of all the faces that is in contact with v, dis(xv, a) is the function

computing the distance between vertex xv position and a face a, r is contact radius, and g

is a nonlinear function. We define the closest point from xv to a as:

c(xv, a) = arg min
x∈a

||x− xv||. (5.2)

Therefore dis(x, a) = ||x− c(x, a)||. Since g is just a scalar function, it does not change the

direction of the force. Therefore, the contact force between f and x, is always parallel to

x− c(x, a).

The different choices of g and F (v) result in different collision energies. We start with

discussing the choice of F (v), termed contact face set.

5.1.2 Contact Face Set

One common choice of F is:

FIPC(v) = {t ∈ T |dis(xv, t) < r, v ̸⊂ t} . (5.3)

Namely, FIPC(v) takes all the facets who does not include v and whose distance to v

is less than the contact radius r. This contact face set is employed by the well-known

Incremental Potential Contact [2]. Intuitively, this formulation is like inflating the facets in

all directions, forming volumetric shapes as illustrated in Figure 5.1c. A facet contact with

v if v is located inside the inflated facets.

There are two major problems with this energy formulation. The first one is illustrated

in Figure 5.1c and Figure 5.2a: the ”normal” contact force applied on the green and blue

facets is not perpendicular to them, causing a stretching force component on the tangential
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(a) IPC (b) OGC
(c) IPC with large
contact radius

(d) IPC with
small
contact radius

(e) OGC with large
contact radius

Figure 5.1: Illustrating both the artifact produced by the IPC contact model and its under-
lying cause. We simulate a twisted square cloth with 40K vertices and 79.2K faces, each
side measuring 1 meter, rotated by half a circle. The simulation is conducted using both
the IPC and OGC models, with a fixed contact radius of 5 mm. (a) and (b) show the final
states of the cloth using the IPC and our OGC contact models, respectively. Panels (c) and
(d) depict the IPC contact model, which is equivalent to offsets the face in all directions to
form a capsule-like shape. The dashed line marks the boundary of this shape, black dots
represent contact points, and the colored arrows indicate the forces exerted from or onto
the face with corresponding color. Panel (e) visualizes our proposed contact model, where
the dashed lines marks the boundaries of blocks from corresponding faces with the same
color.

𝐱𝐱 𝐱𝐱 𝐱𝐱

(a) FIPC

𝐱𝐱 𝐱𝐱 𝐱𝐱

(b) FIPC

𝐱𝐱 𝐱𝐱 𝐱𝐱

(c) FSDF

Figure 5.2: 2D illustration of different contact face sets and the normal contact force
derived from them. x is the position of the vertex of the vertex-facet (v-f) contact pair,
and the black circle visualizes the contact radius of point x. The colored line segments
represent facets, and the colored arrows represent the normal contact force applied to the
facets of the same color. (a, b) visualize FIPC. (c) visualizes FSDF, where the dashed black
line represents the bisector of those two facets.
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plane. Another problem is that it pushes x’s topological neighbors away, as illustrated in

Figure 5.2b. While it is possible to ignore the contact between v and its neighboring facets,

the problem still exists between a vertex and its 2-ring neighbors. Unfortunately, we cannot

filter out these contacts as this can cause penetration. As illustrated in Figure 5.1a, when a

large contact radius is used, those problems can cause serious artifact including stretching

and oscillating.

IPC mitigates those problems by dynamically adjusting the contact radius to a very

small value (Figure 5.1d), to the extent where it is nearly impossible for a vertex to be

in contact with multiple adjacent facets. However, choosing a small contact radius leads

to other problems including numerical issues such as the stiffness of the contact energy.

Additionally, IPC’s CCD-aware line search to avoid penetration limits the optimization

step size when v is close to the contacting surface, as smaller distances trigger earlier

penetration. Moreover, since the contact radius is so small, the surface region that stops v

may not be in contact with v when computing the optimization direction. Therefore, the

optimization direction may not be a direction that separates those colliding pairs, which

further restricts its movement per iteration. These factors contribute to IPC’s high iteration

count for convergence.

An alternative selection for F (x) is to select only the closest facet:

FSDF(v) = {t|t = arg min
t∈T

dis(xv, t) and dis(xv, t) < r} (5.4)

This contact face set is the basis of many signed distance field (SDF) based collision energy.

The main advantage of this approach is that it guarantees the normal force is always

perpendicular to the contacting point on M, a natural property of the closest point on a

smooth manifold as established by the Hilbert Projection Theorem.

However, it has some serious problems due to its limiting the number of a vertex’s

contacting facets to only one. This restriction could impede the convergence of the problem

because it fails to generate a sufficient number of collision pairs to push away vertex-facet

pairs that are close enough. Instead, it results in the vertex constantly switching with a few

facets. This is illustrated in Figure 5.2c, where the point x alternates between contacting

the red facet and the green facet, oscillating along their bisector. To make matters worse,

this formulation can not resolve self-intersection. Since v is part of M, the SDF at xv is 0,
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and this information will not help resolve v’s contact with M. That is why this contact face

set is usually used to handle contact of static objects.

We propose a new normal contact force model that has the following properties:

• Orthogonality: our normal contact force is always orthogonal to the contact surface.

It will not create a stretching artifact even with a large contact radius.

• Large Contact Radius: The contact radius can be arbitrarily large and still not cause

artifacts.

• Multiple Contacts within Contact Radius: multiple primitives within the contact

radius can affect x, which allows repulsive force to be generated for an arbitrary

number of close-by primitive pairs.

• Self-Intersection Aware: this contact force can identify arbitrary layers of self-intersection,

and effectively resolve them.

Our normal contact force is derived from an offset geometry of the original mesh,

hence the name Offset Geometric Contact (OGC). We construct the building blocks of

this offset geometry by offsetting a face along all its normal directions, which is given

by its Polyhedral Gauss Map (Section 5.1.3). We further provide constructive definitions

of those building blocks to determine whether a point is inside (Section 5.1.4, 5.1.7), and

define our own contact face set (Section 5.1.5). Subsequently, we derive the penetration in

the offset geometry (Section 5.1.6) and introduce a new activation function to formulate

our normal contact energy (Section 5.1.8. At last we propose our approach to guarantee

penetration-free simulation (Section 5.1.9), and compare it to IPC’s method (Section 5.1.10).

5.1.3 Polyhedral Gauss Map

We build the offset geometry using a way akin to tetmesh: offset each face individually

and use them as the building blocks of the offset geometry. From the previous discussion, it

is evident that the normal contact force is always parallel to xv − c(xv, a), see Equation 5.1.

Since our goal is to achieve an orthogonal normal contact force, intuitively, for any face

a we can design its building block such that it contacts only points that generate contact

forces parallel to the normal at the contact point. In other words, it should only contact

points x ∈ RN that satisfies x− c(x, a) being parallel to the normal of c(x, a).

On a smooth surface, enforcing such a condition is relatively straightforward because
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each point on the surface has a unique normal. However, on a polyhedral surface, nor-

mals are not so trivially defined, introducing additional complexity. These considerations

naturally lead to the concept of the Polyhedral Gauss Map (PGM).

Polyhedral Gauss Map is an analogy of a Gauss Map on a polyhedral surface, mapping

a point on a polyhedral surface to their associated normals. The key difference is that a

point on a polyhedral surface can have multiple normals, as opposed to those on smooth

surfaces that only have one. The points that have more than one normal locates on faces

with dimensionality less than 2, e.g. vertices and edges of a 3D polyhedral mesh.

(a) Convex Vertex (b) Mixed Vertex (c) Saddle Vertex

Figure 5.3: Gauss map of different types of vertices (top row) and their spherical indicatrix
(bottom row). The area with the pink color represents the local geometry of the triangular
mesh, and the solid green area represents the normals where the point maps to.

[94] proposed a form of Polyhedral Gauss Map for vertices on a polyhedral mesh. Since

all the normals are unit vectors, we can draw them on a unit sphere. As illustrated in

Figure 5.3, [94] classifies vertices into three types: convex, mixed, and saddle, based on the

geometry of their neighborhood which are visualized using the pink surface. Following

the terminology of [94]), the neighbor area is called star(v).

As the name indicates, a convex vertex v is one whose neighborhood is convex. The

Gauss Map of a convex vertex is relatively straightforward, as shown in Figure 5.3a as the
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green volume. Intuitively, this volume corresponds to the set of points that are closer to v

than any other points in star(v).

A mixed vertex v is one that remains a vertex of the convex hull of star(v). As shown

in Figure 5.3b, the Gauss Map of a mixed vertex consists of two distinct types of regions.

one corresponds to the positive curvature, as visualized by the green volume, which cor-

responds to its Gauss map as a vertex of the convex hull of star(v). The red volume

corresponds to regions of negative curvature, with each negative segment associated with

a non-convex neighboring edge.

The final type is the saddle vertex, which lies within the interior of the convex hull of

star(v). The Gauss Map of a saddle vertex is an empty set because such vertices exhibit no

angular deficit.

[94] provided an intuitive explanation of their proposed Gauss Map: plot all the nor-

mals of the neighboring facets of a vertex onto the unit sphere, resulting in a set of points.

Connect these points in the counter-clockwise order of the neighboring facets, following

great circles, to form a polygon on the unit sphere. In this representation:

• A neighboring facet corresponds to a vertex of the polygon.

• A neighboring edge corresponds to an arc-edge of the polygon, which is perpendic-

ular to the neighboring edge.

• The vertex itself corresponds to the polygon as a whole.

For a mixed vertex, due to its concavity, the polygon may contain inverted areas. These

inverted areas represent regions of negative curvature.

The motivation for [94] to define the Polyhedral Gauss Map is to extend Gauss–Bonnet

theorem to a polyhedral surface. That is why they only proposed the Gauss map of vertices

because only vertices are integrated. However, in our case, we also need to define the

Polyhedral Gauss Map of edges and facets. Since all points in the interior of a face share

the same normal, we can instead define the Gauss Map at the level of faces. We denote the

Gauss Map of a face a as Na.

The Gauss Map for points on facets and edges is relatively straightforward. As shown

in Figure 5.4c, all points on the interior of a facet map to a single point on the unit sphere,

corresponding to the normal of that face, see Figure 5.4a. Conversely, a point on the

interior of an edge corresponds to multiple normals, maps to an arc on the unit sphere
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(a) Face Normals (b) Edge Normals

(c) Face Normal Spherical Indicatrix (d) Edge Normals Spherical Indicatrix

Figure 5.4: Illustration of Gauss Maps of a facet (triangle) and an edge. In the top row, the
area with the pink color represents the local geometry of the triangular mesh, and the solid
green area represents the normals where the point maps to. In the bottom row, we show
the spherical indicatrix, i.e. visualize the corresponding point’s normal on a unit sphere.

see Figure 5.4b and Figure 5.4d. This is because that the mesh is flats on all the triangles,

and it ”turns” on edges, and the normals of each edge correspond to how much angle the

surface turns.

For vertex Gauss maps, we adopt a slightly modified definition tailored to our use case

in contact detection. Unlike [94], which defines the Gauss Map from a curvature point of

view, we follow a discrete interpretation of the Hilbert Projection Theorem. Specifically, if

n is the normal at point y on M, then for any point x satisfies x = wn + y, w > 0, y must

be closer to x than its local neighborhood. This perspective alters the Gauss Map of mixed

vertices to only include the region corresponding to positive curvature, i.e., the green area
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in Figure 5.3b. This adjustment not only simplifies the computation but also ensures that

when a vertex contacts a point, it is the locally closest point to that point.

We also make some specific treatments to a facet’s t (e.g., triangles) Gauss Map, we

define:

Nt = {nt,−nt}, (5.5)

where nt is the normal of t. In other words, we offset a facet to both of its sides.

5.1.4 Constructive Definition of Blocks

Now we have clarified the definition of normals on a discrete surface. We can offset

points on M along their normal directions to construct building blocks of the offset geom-

etry.

For a face a ∈ M, we offset its interior points to construct the fundamental building

blocks of the offset geometry:

Ua = {x ∈ RN |x = y + wrna, where y ∈ a◦, na ∈ Na, w ∈ [0, 1]} (5.6)

where r > 0 is the offset radius, and a◦ denote the interior of face a. For convenience we

let v◦ = v. We only offest the interior of a face because the boundary points are actually

points on a lower dimensional face.

We refer to Ua as the block derived from face a, s it serves as a fundamental building

block of the offset manifold. The definition provided in Equation 5.6 reflects the essence

of these blocks but is computationally challenging to implement. Fortunately, the earlier

specialized treatment of mixed vertices enables this constructive formulation of blocks.

A vertex block of a vertex v ∈ V is the region enclosed by all planes passing through

v and perpendicular to its convex neighboring edges (i.e., the edges that remain as edges

in the convex hull of star(v)). As illustrated in Figure 5.5d, its shape resembles a ball

with radius r, cut by multiple planes that are perpendicular to its neighboring edges. The

constructive definition of Uv is as follows:

Uv = {x ∈ RN | ||x− xv|| ≤ r, (x− xv)(xv − x′v) ≥ 0 for v′ ∈ Vv}, (5.7)

where xv denote the position of vertex v, and Vv is the set of all vertices adjacent to v. Note

that we do not differentiate non-convex neighboring edges. This is because the planes
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associated with non-convex neighboring edges only intersect with Uv at v and, therefore,

do not influence the shape of Uv in the definition given by Equation 5.7.

An edge block of an edge e ∈ E is illustrated in Figure 5.5b. It is a cylinder with a radius

of r being cut by 4 planes: 2 being perpendicular to the edge and 2 being perpendicular to

each of the edge’s two neighboring faces. The constructive definition of Ue is as follows:

Ue ={x ∈ RN |

dis(x, e) ≤ r,

(x− xve,1)(xve,2 − xve,1) > 0,

(x− xve,2)(xve,1 − xve,2) > 0,

(x− p(x(ve,1), x(ve,2), xve,next)·

(p(xve,1 , xve,2 , xve,next)− xve,next) ≥ 0

for ve,next ∈ Ve}

(5.8)

where ve,1 and ve,2 are the two vertices of e, p(x1, x2, x3) computes the perpendicular foot

for x3 on the line defined by x1, x2, and Ve is the set of the vertices that share a facet with

e. It is worth noting that since M is a manifold, Ve can contain at most two vertices, each

belonging to one of e’s neighboring faces. Additionally, when e is a boundary edge, Ve

contains only one vertex, resulting in a half-cylinder-like block for the boundary edge, as

illustrated in Figure 5.5c.

The block of a face t ∈ T is straightforward: it is formed by offsetting the face along

its normal direction by a distance r, forming a prism (see Figure 5.5a). The constructive

definition of Ut is as follows:

Ut ={x ∈ RN |

dis(x, t) ≤ r,

(p(x1, x2, x3)− x)(p(x1, x2, x3)− x3) > 0,

(p(x2, x3, x1)− x)(p(x2, x3, x1)− x1) > 0,

(p(x1, x3, x2)− x)(p(x1, x3, x2)− x2) > 0

where x1, x2, x3 are the three vertices of t}

(5.9)

Another advantage of this constructive definition is that it naturally gives the definition

of boundary edges and vertices, whose normals are not defined by [94].
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(a) Vertex Block (b) Edge Block

(c) Boundary Edge Block (d) Facet Block

Figure 5.5: Illustration of blocks corresponding to different types of faces. The regions
shaded in light green represent the blocks, while the areas in solid green indicate the faces
associated with these blocks. Boundaries marked with dashed lines are open, whereas
those with solid colors are closed.
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5.1.5 Contact Face Set

U = {Ua | a ∈ V∪ E ∪ T } (5.10)

We call U the Intersection Aware Offset Geometry of M. The Intersection Aware Offset

Geometry serves as an analogy to volumetric meshes. The elements in U act as a building

block of the geometry, as tetrahedron to tetmesh. A point can intersect with multiple

Ua ∈ U , this is how we know it has multi-layers of intersection with U .

Based on U , we can define a new type of Contact Face Set as:

FOGC(v) = {a | xv ∈ Ua, v ̸⊂ a}. (5.11)

We refer to |FOGC(xv)| as the number of layers of intersections for v.

For a point x ∈ RN and a face a, if x ∈ Ua, there must exist y ∈ a◦ such that x = y+wrn,

where n ∈ Na, w ∈ [0, 1]. Since a is a linear element, y = c(x, a) must hold, which means

x− c(x, a) = wrn. Therefore, our selection of Contact Face Set FOGC guarantees that each

point will only contact faces that generate orthogonal normal contact force. In fact, our

contact model has the following advantages:

• Orthogonality: for each point x ∈ Ua, (x− c(x, a)) ⊥ a in a discrete sense.

• Local Exclusiveness: if a ⊂ b, Ua ∩Ub = ∅.

• Covering M+r:
⋃

Ua∈U Ua = M+r, i.e., U is a cover of M+r.

• Local Closest-ness: if x ∈ Ua, for b satisfies a ⊂ b or b ⊂ a, we have dis(x, a) <

dis(x, b).

The covering property ensures the geometry we defined reflects the offset geometry

M+r. However, it added more information to M+r. The local exclusiveness ensures that

each block Ua can be a unique indicator of layers of intersection of the offset geometry,

such as the overlapped part shown in Figure 2.1c.

It is worth noting that the block of a saddle vertex is an empty set, i.e., it will not contact

with any other point. This is acceptable because if a point’s distance to such a vertex is less

than r, there must be at least one neighbor face or edge that is contacting with such a point.

5.1.6 Penetration Depth

Akin to [66], each layer of intersection requires a separate contact force to resolve. Nat-

urally, we want to push the intersecting point along the normal direction to the boundary.



101

From the definition of blocks provided in Equation 5.6, we can see that if x ∈ Ua, the

distance to the surface of Ua along the normal direction is:

dp = r− ||x− c(x, a)|| = r− dis(x, a), (5.12)

we refer to dp as the penetration depth of point x in Ua. dp is a function of the vertex position

p and c(p, a). Therefore, the normal contact potential derived from dp still accords with

the formulation Equation 5.1.

5.1.7 Offset Geometry for Edge-edge Contact

We have defined the offset manifold for vertex-facet contact. Now we can define a

new geometry by offsetting all the edges to support edge-edge contact. We extract all the

vertices and edges of M to construct a new geometry Me, which we refer to as the edge-

only manifold. Me will be a 1-dimensional manifold which only contains M’s wireframes.

In Me, the Gauss map of an edge e is a circle perpendicular to e (see Figure 5.6a), and

its corresponding block forms a cylinder with e being its axis. The Gauss map of a vertex

v is a sphere cut by 2 planes perpendicular to v’s two neighbor edges, as illustrated in

Figure 5.6b, with its block being shaped correspondingly (Figure 5.6d).

The constructive definition of the edge block of Me is:

UE
e ={x ∈ RN |

dis(x, e) ≤ r

(x− x(ve,1))(x(ve,2)− x(ve,1)) > 0,

(x− x(ve,2))(x(ve,1)− x(ve,2)) > 0}

(5.13)

Similarly, the constructive definition of the vertex block of Me is:

Ue
v = {x ∈ RN | ||x− xv|| ≤ r, (x− xv))(xv − xv′) ≥ 0, ∀v′ ∈ Vv} (5.14)

The difference between edge-edge contact and vertex-facet contact is, that the force is

applied on an edge instead of a single vertex. Similarly, we can define the normal contact

potential for the edge-edge contact:

Eee
n (M) = ∑

e,e′∈EC
OGC

g(dis(e, e′), r) (5.15)
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(a) Edge Gauss Map (b) Vertex Gauss Map

(c) Edge Block (d) Vertex Block

Figure 5.6: Illustration of Gauss Maps and blocks in the edge-only manifold Me of an edge
and a vertex, respectively. The black dot represents the vertex in the vertex block diagram,
and the dashed lines indices open boundaries in the edge block diagram.

where EOGC is the set of all the actively contacting edge-edge pairs:

EOGC ={{e1, e2} |

e1, e2 ∈ E ,

e1 ∩ e2 = ∅,

∃a ⊂ ei, c(ei, ej) ∈ Uaholds for i = 1, j = 2 and i = 2, j = 1}

(5.16)

where c(ei, ej) is ei’s closest point to ej.

The contact force between two edges is applied on two points: c(e, e′) and c(e′, e). [2]

provided a way to smoothly filter out the parallel edge contact to avoid instability. Here

we apply a similar procedure to our edge-edge contact force.

5.1.8 A C2 Continuous 2-Stage Activation Function

The quadratic activation function is widely used because of its simplicity and non-stiff

nature. However, it has a drawback: the contact normal force does not become infinite
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as two primitives approach each other. This would results in penetration when the large

forces are pushing primitives towards each other.

To make sure the contact force will eventually get strong enough to overcome all other

forces to successfully separate contacting primitives, the barrier activation function [2]

became a popular choice. Their barrier function is a logarithmic function, multiplied by

a quadratic function to make sure it is C2 continuous at the point where the contact force

disappears.

We propose a novel 2-stage activation function, which possesses the advantage of both

of those energies:

g(d, r) =

{
kc
2 (r− d)2 if τ ≤ d ≤ r
−k′clog(d) + b if 0 < d < τ

(5.17)

where kc and k′c are 2 stiffness factors of the 2 stages, τ is a parameter determining where

to stitch between those 2 stages. To make the function C1 continuous at d = τ, k2 and b

need to satisfy:

k′c = τkc(τ − r)2 (5.18)

b =
kc

2
(r− τ)2 + k′clog(τ) (5.19)

This leaves us only one configurable parameter kc, from which k′c and b can be computed

accordingly. We further let τ = r
2 to make it C2 continuous.

This is a combination of a pure quadratic function and a pure logarithmic function.

With the k1 properly set, most of the contacts will be handled in the quadratic stage,

benefiting from the faster convergence of the quadratic function. In the second stage, since

it is a pure logarithmic function, it is still less stiff than IPC’s formulation [2].

Combining this activation function with our contact sets FOGC and EOGC, we have

obtained a normal contact energy that is C2 continuous on most part (see the explanation

in the Limitation Section) of U . Additionally, the normal contact force derived from this

normal contact energy is always orthogonal to the primitive it acts upon.

5.1.8.1 Friction

With the properly designed normal contact force, we can compute the friction force

using the friction coefficient to compute the friction force. We use the lagged formulation

of friction provided by [2], with the modification proposed by [1] to improve the stability.
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5.1.9 Penetration-Free Simulation

We employ the technique provided in [81] to guarantee penetration-free. This tech-

nique relies on computing a conservative bound for each vertex v:

bv = γp min(dmin,v, dE
min,v, dT

min,v), (5.20)

where 0 < γp < 0.5 is a relaxation parameter and dmin,v is v’s minimal distance to all the

facets that do not include v:

dmin,v = min
t∈T ,v ̸∈t

dis(xv, t), (5.21)

and dE
min,v is the minimal value of v’s neighbor edges’ minimal distances to all other edges:

dE
min,v = min

e∈Ev
dmin,e, (5.22)

dmin,e = min
e′∈E ,e∩e′=∅

dis(e, e′), (5.23)

and dT
min,v is the minimal value of v’s neighbor facets’ minimal distances to all other ver-

tices:

dT
min,v = min

t∈Tv
dmin,t, (5.24)

dmin,t = min
v′∈V ,v′ ̸⊂t

dis(v′, t), (5.25)

where Ev and Tv represents v’s neighbor edges and facets respectively.

If the model starts in an intersection-free state Xprev, it will remain intersection-free in

state if each xv satisfies:

||xv − xprev
v || ≤ bv, ∀v ∈ V . (5.26)

Starting with a penetration-free state Xprev, our method computes bv and records xprev
v

for each v. Then after some solver iterations, each vertex will reach a new position xv. Our

method checks each vertex individually to see if it satisfies the condition in Equation 5.26.

If a vertex does not satisfy the condition, its displacement is truncated to stay within the

conservative bound. bv. Subsequently, our method recomputes bv and records x as the

penetration-free starting state, repeating this process iteratively.

Since the conservative bound and Xprev can be updated as needed during the solver’s

iterations, they do not restricted each vertex’s total displacement within a time step, only

limiting the displacement within each individual iteration. A vertex near an obstacle may

be constrained in initial iterations, but the bound-update will be triggered once it reaches
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the bound. The new bound becomes larger since the repulsive force pushes it away from

the obstacle. This procedure will repeat until convergence. As shown in Figure 5.15, the

solver converges under these bounds without introducing additional artifacts

5.1.10 Comparing to IPC

Our method can be viewed as a trust region based method for a constrained optimiza-

tion problem, where the constraints are the penetration-free constraints. The spherical re-

gion we compute for each vertex is the trust region we formulate to enforce the constraints.

In contrast, IPC [2] employs a CCD-aware line search technique to achieve penetration

free-state, which requires truncating the step.

The CCD-aware line search technique maintains a penetration-free state by applying

CCD after every iteration of the optimization. It truncates the optimization step of the

physics solver at where the first collision happens, thereby preventing penetration. How-

ever, this also means a local collision stops the progress of all other points, even if those

points are still far from intersecting. This is illustrated in Figure 5.7b, where the whole step

is stopped by the vertex in the middle which is closest to the obstacle. Each iteration can

be computationally expensive, and truncating the global optimization step entirely often

results in only a small fraction of the step being utilized. This approach overlooks the fact

that most parts of the model could still make significant progress along the optimization

direction, leading to wasted computation and slower convergence. This issue becomes

particularly evident when parts of the model are in close proximity to one another.

In our formulation, bv is different for each v ∈ V , as illustrated in Figure 5.7c. The value

of bv is smaller in regions that are actively in contact and larger in regions that are far from

others. As a result, each bv has only a local impact. Even when certain parts of the model

are close to each other, such as the vertices in the middle of Figure 5.7c, the conservative

bounds of other regions, like the vertices on the sides, remain unaffected. These unaffected

regions can still utilize relatively large step sizes.

Our contact force formulation allows for a significantly larger contact radius compared

to IPC. As a result, even primitives that are actively in contact can maintain a relatively

large distance. This, in turn, enables our method to take bigger steps per iteration and

achieve fast convergence, despite employing conservative bound truncation. In contrast,
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(a) Previous Position and a Full Optimization
Step (b) Iteration Using IPC’s Scheme

(c) Conservative Bounds (d) Iteration Using by Our Scheme

Figure 5.7: Comparing different schemes to preserve penetration-free state in a single
solver iteration. The black line represents the shape of M, the dashed gray line represents
the destination position after taking a full step given by the optimizer in that iteration,
the red circle represents an obstacle, and the green dots represent vertices of M. (a) The
penetration-free position Xprev in the previous iteration, and a position X +∆X after taking
a full optimization step, which presents penetration; (b) the penetration-free optimization
step given using IPC’s CCD-aware line search scheme; (c) illustration of out conservative
bounds bi which vary at each vertex; (d) the penetration-free optimization step given by
our scheme.
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simply combining our trust-region-based optimization scheme with IPC’s contact energy

will not work, because a small contact radius as IPC uses will result in a near-zero conser-

vative bound.

Furthermore, as we will explain in the next section, there is no need to use a separate

function to compute bv. Instead, this can be seamlessly integrated into the contact detection

process with negligible overhead. Additionally, the computation of bv is fully parallel, and

does not require CPU-GPU synchronization when implemented on GPU. This approach

offers a significant advantage over the CCD-based line search employed by IPC, which

requires multiple computationally expensive continuous collision detections and synchro-

nizations in a single iteration.

5.1.11 Offset Geometry for Mesh with Different Dimensionalities

For volumetric meshes, it is possible to resolve intersections after they occur using

the method proposed by [66]. Therefore, for volumetric mesh simulations, we can skip

conservative bound culling to accelerate computation. Here we propose a faster method

specially tailored for the volumetric mesh simulations.

For a volumetric mesh M, the offset operation should be applied to its surface ∂M

to obtain an intersection-aware offset geometry U (∂M). Note that in this case, we only

offset the geometry outward, in the direction of the surface normal. The penetration depth

computed from U (∂M) is compatible with the penetration depth provided by [66].

We use pure quadratic contact energy in volumetric simulation, e.g., only using the

first stage of Equation 5.17. At the beginning of each step, the simulator performs DCD

(discrete collision detection) for each vertex to determine whether they have intersected

M. If penetration is detected, the simulator computes the penetration depth dp using the

method proposed by [66]. This penetration depth needs to be adjusted to dp + r to match

the penetration depth of the offset geometry. If no intersection is found, the simulator

performs another DCD to detect its intersection with U (∂M) and computes the penetration

depth in U (∂M) . This ensures that the penetration depths in M and U (∂M) are consistent,

resulting in consistent contact forces from both the inside and outside of the mesh. The

contact force is greater than 0 at ∂M due to the offset layer. With properly adjusted contact

stiffness, most contact will still occur outside the mesh, maintaining an intersection-free
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state for most parts of the mesh. We use this scheme to handle the cloth-body contact in

our cloth simulation experiments.

For 1D meshes immersed in 3D space, such as those used in hair and yarn-level sim-

ulations, they can be treated in the same way as the edge-only manifold proposed in

Section 5.1.7. Specifically, we employ this contact model to generate the yarn simulation

results presented in Figure 5.13 and Figure 5.14.

5.2 Algorithm
We have defined the contact force and energy for the vertex-facet contact and the edge-

edge contact. Now we propose the algorithms to practically detect those contacts. Since the

intersection-aware offset geometry is composed of many blocks, a trivial implementation

will be building a BVH (Bounding Volume Hierarchy) of all those blocks, and looping

through all the vertices and edges to detect intersections with those blocks.

However, these blocks correspond to different types of faces, including vertices, edges,

and facets. Building a BVH that contains all these blocks would result in an excessively

large structure. Instead, we present a method that only requires building a BVH for

the faces with the highest dimensionality: facets for vertex-facet contact detection and

edges for edge-edge contact detection. Note that such a BVH is constructed based on the

bounding boxes of original faces, not the offset ones. Additionally, those algorithms are

capable of computing dmin,v, dE
min,v, and dT

min,vsimultaneously with the contact detection.

5.2.1 Vertex Facet Contact

The algorithm for detecting vertex-facet contact is provided in algorithm 2. As previ-

ously mentioned, we only maintain a BVH for all the facets. To detect vertex-facet contact,

we do a point query with center x(v) and radius rq for each vertex v ∈ V . rq is a custom

parameter satisfies rq ≥ r.

For each facet f within the query radius rq, the algorithm computes its closest point to

v, the face a on the facet where the closest point is located, and the distance d = dis(v, t)

(line 4,5,8). Note that a can be either a vertex, or an edge, or t◦. Then it updates v’s minimal

distance to facets, dmin,v. We also update f ’s minimal distance to vertices in parallel, dmin,t,

using an atomic min operation. This is to avoid a race condition since multiple vertex
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Algorithm 2: vertexFacetContactDetection
Input: v: a vertex, r: contact radius, rq: query radius
Output: FOGC(v): set of faces that are in contact with v;
VOGC(t): set of vertices that are in contact with t;
dmin,v: the minimal distance from v to another faces;
dmin,t: the minimal distance from t to all other vertices.

1 dmin,v = rq
// sphere query on the facet BVH with center x(v) and radius rq

2 for each t ∈ T s.t. dis(v, t) < rq do
// avoid contact with adjacent facet

3 if v ⊂ t then continue
4 d = dis(v, t)
5 dmin,v = min(d, dmin,v)

// multiple vertex query threads may access the same dmin, f simultaneously, thus this must be
an atomic min operation

6 dmin,t = min(d, dmin,t)
7 if d < r then
8 a = closestFaceFacetToVertex(v, t)

// avoid duplicated contact with a detected from a neighbor facet
9 if a ∈ FOGC(v) then continue

10 if a ∈ V then
// Equation 5.7

11 if checkVertexFeasibleRegion(x(v), a) then
12 FOGC(v) = FOGC(v) ∪ {a}
13 VOGC(t) = VOGC(t) ∪ {v}
14 else if a ∈ E then

// Equation 5.8
15 if checkEdgeFeasibleRegion(x(v), a) then
16 FOGC(v) = FOGC(v) ∪ {a}
17 VOGC(t) = VOGC(t) ∪ {v}
18 else

// v must be in the feasible region in this case
19 FOGC(v) = FOGC(v) ∪ {t}
20 VOGC(t) = VOGC(t) ∪ {v}
21 end
22 return FOGC(xv), dmin,v
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query threads can access the same dmin,t simultaneously.

Since all the vertices whose distance to t is less than rq will visit t, this ensures that

we are computing the correct dmin,t. Both dmin,v and dmin, f are initialized as rq, because

the query does not look beyond that distance. This means that even if there are no active

contact pairs detected, dmin,v and dmin, f are still upper-bounded by rq, because we do not

know if there is a facet whose distance to v is marginally larger than rq. That is why

we make rq a separate parameter. Making rq larger than r will not detect more contacts,

but it can potentially improve the conservative bound for each vertex, thereby enhancing

convergence.

The next step will be determining whether a is in contact with v, i.e., whether v ∈ Ua.

Note that when a is not a facet, it is shared by multiple neighboring facets. In this case,

multiple facets can return the same closest face a. To avoid duplicated contacts, we check

whether a already exists in the contacting face set FOGC(xv). If a ̸∈ FOGC(v), we proceed

to check v ∈ Ua using Ua’s constructive definition (Equation 5.7, Equation 5.8). Note

that if the closest point is located in the interior of t, i.e., a = t, v ∈ Ua is guaranteed.

Therefore, no feasible region check is required in this case. For the convenience of contact

force computation, we also maintain a list VOGC(t) for each t ∈ T , which is the set of

vertices that are in contact with t. After putting a face into FOGC(v), we also put v into

VOGC(t) of the corresponding facet using atomic operation.

According to Equation 5.12, if a ∈ t contacts with v, it must be the closest face on t to v.

The local exclusive property guarantees that v can only be in contact with at most one face

on t. If v contacts with a ∈ t, it will not contact all other faces of t. Since v will visit all the

facets whose distance to v is less than r, this guarantees that algorithm 2 will not miss or

duplicate any vertex-facet contact.

5.2.2 Edge Edge Contact

Similarly, we give the algorithm that detects edge-edge contact in algorithm 3. Similar

to algorithm 2, it works on the BVH of all the edges, and applies a sphere query centered

at xm with radius rq +
l
2 for each edge, where xm and l are the midpoint and length of that

edge, respectively. Each query also computes the dmin,e. Since every edge has its query

thread, no automatic operation is needed here. Note that since each edge detects its own
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Algorithm 3: edgeEdgeContactDetection
Input: e: a edge, r: contact radius, rq: query radius
Output: EOGC(e): set of faces contacting e;
dmin,e: the minimal distance from e to all other edges.

1 dmin,e = rq
2 xm = midpoint of e
3 l = length of e

// sphere query on the facet BVH with center xm and radius rq +
l
2

4 for each e′ s.t. dis(e, e′) < rq +
l
2 do

// avoid contact with adjacent edge
5 if e ∩ e′ ̸= ∅ then continue
6 d = dis(e, e′)
7 dmin,e = min(d, dmin,e)
8 if d < r then
9 xc = C(e, e′)

10 a = closestFaceEdgetToEdge(e, e)
// avoid duplicated contact with a detected from a neighbor edge

11 if a ∈ EC
e then continue

12 if a ∈ V then
// Equation 5.14

13 if checkVertexFeasibleRegionEdgeOffset(xc, a) then
14 EOGC(e) = EOGC(e) ∪ {e, a}
15 else

// v must be in the feasible region in this case
16 EOGC(e) = EOGC(e) ∪ {e, e′}
17 return EOGC(e), dmin,e

18 end
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contacts, each edge-edge contact will be automatically detected exactly twice: one from

each side.

5.2.3 Simulation Pipeline

Now that we have provided the contact energy and the algorithms to detect those con-

tacts, the next step would be integrating it into an actual simulation pipeline. Theoretically,

the contact force we formulated can be used in a variety of time integrators, including both

explicit and implicit ones. Here we provide an algorithm combining Offset Geometric

Conact with backward Euler in algorithm 4.

There are 3 major stages of the simulation pipeline: contact detection (line 4 ∼ 19),

simulation solve (line 20 ∼ 22), and conservation bound truncation (line 23 ∼ 30). We will

introduce each stage correspondingly.

5.2.3.1 Contact Detection

In the contact detection stage, the simulator will apply the previously provided contact

detection algorithms to the model. Note that before we apply the vertex-facet contact

detection, we need to initialize all the dmin, f to their upper-bound rq (line 6, 7). Then

we apply all the vertex-facet contact and edge-edge contact detections in parallel, which

computes the contacting faces and each face’s minimal distance from other faces. At

last, the simulator computes the conservative bounds bv for all the vertices based on that

information (line 17 ∼ 19).

5.2.3.2 Simulation Solve

The first step in simulation solving is to apply an initialization that avoids penetration.

A trivial approach is to use the positions from the previous step, but a better initializa-

tion can improve convergence and reduce damping. Since any guess within conservative

bounds will be penetration-free, we can choose an arbitrary initialization scheme and

truncate it to stay within these bounds, ensuring a penetration-free start:

xinit∗
v =

{
xinit

v if ||xinit
v − xt

v|| ≤ bv
xinit

v −xt
v

||xinit
v −xt

v||
bv + xt

v if ||xinit
v − xt

v|| > bv
(5.27)

where xinit∗
v and xinit

v are the initialization post and pre truncation, respectively, xt
v is v’s

position at the last step.
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Algorithm 4: Simulation Step with Offset Geometry Contact
Input: Xt ∈ RK×3: stacked positions of vertices from previous step;
vt ∈ RK×3: stacked velocities of vertices from previous step;
aext: external acceleration;
γ: a parameter controls when to do a new collision detection;
M = {V , E , T };
r: contact radius, rq: query radius
Output: X ∈ RK×3: stacked positions of vertices for current step

1 collisionDetectionRequired = true
2 X = Xt

3 Y = Xt + ∆tvt + ∆t2aext
4 for each i in 1, 2, . . . , niter do
5 if collisionDetectionRequired then

// Initialize dmin,t to their upper-bound
6 parallel for each t ∈ T do
7 dmin,t = rq
8 end
9 parallel for each v ∈ V do

10 FOGC(v), dmin,v = vertexFacetContactDetection(v, r, rq)
11 end
12 parallel for each e ∈ E do
13 EOGC(e), dmin,e = edgeEdgeContatDetection(e, r, rq)
14 end
15 Xprev = X
16 collisionDetectionRequired=false
17 parallel for each v ∈ V do

// Equation 5.20
18 bv = computeSconvertativeBounds(v)
19 end
20 if i == 1 then
21 X = applyInitialGuess(Xt, vt, aext)

22 X = simulationIteration({FOGC}, {VOGC}, {EOGC}, X, Xt, Y, vt, aext, M)
23 numVerticesExceedBound = 0

// Truncated the vertex displacements to be within bv
24 parallel for each v ∈ V do
25 if ||xv − xprev

v || > bv then
26 xv = xv−xprev

v
||xv−xprev

v || + xprev
v

// Atomic increment
27 numVerticesExceedBound++
28 end
29 if numVerticesExceedBound >= γeK then

// If a certain amount of vertices move out of their conservative bounds, do a new collision
detection

30 collisionDetectionRequired = true
// Optional Convergence Evaluation

31 if evaluateConvergence({FOGC}, {VOGC}, {EOGC}, X, Xt, vt, aext, M) then
32 break
33 end
34 return X
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Algorithm 5: VBD Iteration with Contact
Input: X: the initialization value; Xt: the positions of the previous step; Y: the inertia;
Output: This step’s position xt+1 and velocity vt+1.

1 for each color c do
// Block-level parallelization

2 parallel for each vertex v in color c do
3 fv = −mv

h2 (xv − yv), Hv = mv
h2 I

// Thread-level parallelization
4 parallel for each t ∈ Tv do

// Variables in shared memory

5 fv,t = − ∂Et
∂xv

, Hv,t =
∂2Et

∂xv∂xv

6 end
// Local reduction sums

7 fv+= ∑t∈Tv fv,t, Hv+= ∑t∈Tv Hv,t
// Thread-level parallelization

8 parallel for each e ∈ Ev do
// Variables in shared memory

9 fv,e = − ∂Ee
∂xv

, Hv,e =
∂2Ee

∂xv∂xv

10 end
// Local reduction sums

11 fv+= ∑e∈Ev fv,e, Hv+= ∑t∈Ev Hv,e
// Accumulate the force and Hessian of the vertex-facets contact of the vertex side
// Thread-level parallelization

12 parallel for each a ∈ FOGC(v) do
// Variables in shared memory

13 fv,a = − ∂Ev, f
c (v,a)
∂xv

, Hv,a =
∂2Ev, f

c (v,a)
∂xv∂xv

14 end
// Local reduction sums

15 fv+= ∑a∈FOGC(v) fv,a, Hv+= ∑a∈FOGC(v) Hv,a
// Accumulate the force and Hessian of the vertex-facets contact of the neighbor facets

16 for each t ∈ Tv do
// Thread-level parallelization

17 parallel for each v′ ∈ VOGC(t) do
// Variables in shared memory

18 ft,v′ = −
∂Ev, f

c (v′ ,t)
∂xv

, Ht,v′ =
∂2Ev, f

c (v′ ,t)
∂xv∂xv

19 end
// Local reduction sums

20 fv+= ∑v′∈VOGC(t) ft,v′ , Hv+= ∑v′∈VOGC(t) Ht,v′ ;
21 end

// Accumulate the force and Hessian of the edge-edge contact of neighbor edges
22 for each e ∈ Ev do

// Thread-level parallelization
23 parallel for each e′ ∈ EOGC(e) do

// Variables in shared memory

24 fe,e′ = −
∂Ee,e

c (e,e′)
∂xv

, He,e′ =
∂2Ee,e

c (e,e′)
∂xv∂xv

25 end
// Local reduction sums

26 fv+= ∑e′∈EOGC(e) fe,e′ , Hv+= ∑e′∈EOGC(e) He,e′ ;
27 end
28 xv ← xv + H−1

v fv
29 end
30 end
31 return X
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The second step is solving the non-linear equation of the backward Euler time integra-

tion. OGC is compatible with various solvers, such as Newton’s method, gradient descent,

and block coordinate descent, provided they work with the energy formulation of OGC.

These solvers can be seen as functions that yield a displacement from the previous position

to reduce the energy. To prevent penetration, we need to post-process the displacements

by truncating them within the conservative bounds.

Here we present an efficient GPU implementation of a VBD [1] solver, as shown in

algorithm 5. In this algorithm, mv denotes the mass of vertex v, Et the elastic energy of

facet t, Ee the bending energy of edge e, and Ev, f
c and Ee,e

c represent the contact energies (in-

cluding both normal and frictional components) for vertex-facet and edge-edge contacts,

respectively. We employ a two-level parallelism scheme similar to that in [1], except we

use thread-level parallelism to accumulate contact forces and Hessians for each vertex, as

well as for its neighboring facets and edges.

5.2.3.3 Conservative Bound Truncation

According to Equation 5.26, starting from a penetration-free state Xprev, as long as the

displacement of each vertex satisfies ||∆xv|| < bv, it is guaranteed that the model will not

create any penetration. Note that ∆xv may not be the displacement of a single iteration of

simulation but can be the accumulated displacement from multiple iterations. Therefore,

collision detection is not needed in every iteration to guarantee a penetration-free state.

Only when some vertices have exceeded their conservative bounds, new collision detec-

tion is needed to refresh the conservative bounds and recalculate the contacts.

This property is particularly beneficial for first-order or locally second-order methods,

such as gradient descent or vertex block descent, since these methods create relatively

small displacements at each iteration, and each iteration is very fast. For these methods,

new collision detection is typically needed only after a fair amount of iterations.

During the collision detection stage, the simulator records the position where the con-

tact detection is conducted as Xprev (line 15). After each simulation iteration, the simulator

computes the displacement of each vertex from Xprev, and truncates the displacement to

be within the bounds (line 25 ∼ 27). Instead of redoing contact detection every time one

vertex moves out of its bound, a threshold γe is used to control when to apply a new
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contact detection. A new contact detection is performed only after the number of vertices

moving out of their bounds exceeds γeK (line 29, 30). Before this threshold is reached,

those vertices can be truncated multiple times and cannot move any further, though they

can still adjust the direction of their displacement.

5.3 Results
We implemented our algorithm on both CPU and GPU platforms. The CPU imple-

mentation, written in C++, was executed on an AMD Ryzen 7950X with 64 GB of memory.

We implement the GPU version using NVIDIA Warp [191], and run it on a NVIDIA RTX

4090. For the simulation parameters, we set γp = 0.45 and γe = 0.01. Details of other

experiment-specific parameters and performance metrics are provided in Table 5.1. We

plan to open-source both the C++ and Warp versions of our code, ensuring they are user-

friendly and ready for out-of-the-box use.

5.3.1 Cloth Simulation

5.3.1.1 Large Scale Test

To evaluate the stability, efficiency, and scalability of our method, we present a simula-

tion of colliding 50 layers of cloth. Those clothes are dropped onto a cylinder, collide with

each other, and then slide to the ground. They form a pile on the ground and eventually

rest in contact. The dropping process is visualized in Figure 5.8. Despite the complicated

contacts, the simulation remains penetration-free the entire time.

5.3.1.2 Stress Tests

We present two experiments to demonstrate the stability and performance of our method

in scenarios involving numerous complex self-collisions, extreme normal contact forces,

and frictions. Both of those experiments maintain penetration-free states the entire time.

The first experiment, illustrated in Figure 5.9, simulates the formation of a complex

tight knot. We initialize the knot in a loose form, then tighten it by pulling its two ends.

As the knot tightens, small sub-knots form and collide with each other. Eventually, these

small knots merge into a tight, multi-layered complex knot.

The second experiment, illustrated in Figure 5.10, involves twisting a square-shaped

cloth’s two ends for eight complete turns. This example features extreme deformations,
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Table 5.1: Peformance results and simulation

Experiment Name Number of Contact &Fiction Simulation Parameters Time per step (avg./max)
Vert. Primitives kc µc, ϵv r(mm) Time Step (sec.) Iterations CPU VBD GPU VBD

50 Layers of Cloth (Figure 5.8) 1M 1.96M 1e5 0.2, 1e-2 2 1/1200 40 0.21/0.55s 6.3/11.5ms
Tightening a knot (Figure 5.9) 48K 92K 1e5 0.4, 1e-2 2 1/300 50 122/180ms 4.4/6.8ms
Twisting Cloth (Figure 5.10) 10K 19.6K 1e5 0.2, 1e-2 2 1/300 10 21/30ms 0.9/1.5ms
Cloth on Body (Figure 5.12) 15.6K 29K 1e5 0.5, 1e-2 2 1/200 20 30/42ms 1.2/1.4ms
Yarn Stretch (Figure 5.13) 65K 65K 2e-3 0.1, 1e-3 1.5 3e-4 4 NA 0.48/0.56ms
Yarn Twist (Figure 5.14) 65K 65K 2e-3 0.1, 1e-3 1.5 3e-4 4 NA 0.52/0.66ms
3 Layers of Cloth on Sphere (Figure 5.15) 14.7K 28.6K 1e4 0.5, 1e-2 2 1/100 NA See figure NA
1 Layer of Cloth on Sphere (Figure 5.16) 4.9K 9.5K 1e4 0.5, 1e-2 5 1/100 40 62/75ms 1.2/3.2ms
Twisting Volumetric Mat (Figure 5.17) 15K 46.8K 1e5 0.2, 1e-2 2 1/240 20 NA 5.5/8.5ms

Figure 5.8: Fifty layers of cloth are dropped onto a cylinder, then slide to the ground.
This simulation has 246K vertices and 475K triangles. We use r = 3mm, a time step of
1/1200s, and 40 iterations per step. The average/maximum computation time per time
step is 0.21/0.55s on the CPU and 6.3/11.5ms on the GPU.

Figure 5.9: Tightening a complex knot with 48K vertices and 91K faces by pulling its two
ends. At the end of the simulation, the mesh forms a multi-layered, very tight knot. We
use r = 2mm, a time step of 1/300s, and 50 iterations per step. The average/maximum
computation time per time step is 122/180ms on the CPU and 6.3/11.5ms on the GPU.

Figure 5.10: Twisting a square cloth for 8 circles, showcasing complicated self-collision
with extreme contact force and friction. The model has 10K vertices and 19.6K faces. We
use r = 2mm, a time step of 1/300s, and 10 iterations per step. The average/maximum
computation time per time step is 21/30ms on the CPU and 0.9/1.5ms on the GPU.
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generating strong material forces that compete with self-collisions. Our contact model

effectively handles these strong deformations with frictional contact.

5.3.1.3 Coupled Cloth Simulation

To test our method in a practical cloth simulation scenario, we conduct the same cloth

simulation experiment as the one presented in the C-IPC paper [67], as shown in Fig-

ure 5.12. The cloth consists of 14 separate pieces stitched together using stiff zero-length

spring constraints, see Figure 5.11a. We filter out collisions between the stitched primitives

to ensure seamless stitching. For body-cloth contact, we use volumetric contact energy

since the body motion is driven by skeleton animation rather than simulation, making it

challenging to prevent penetration after updating the body’s position, see Figure 5.11b. As

a result, body-cloth penetration might occur during the simulation, but cloth-cloth pene-

tration is prevented. In the C-IPC paper, the average computational time for a 0.04-second

frame is reported as 24 seconds. In our tests, the same frame takes only 0.24 seconds on

the CPU and 9.6 milliseconds on the GPU.

We also showcase a scenario of a robot manipulating a T-shirt. The robot’s trajectory

is pre-computed and we use the same scheme as in Figure 5.12 to handle the collision

between the cloth and the robot. This experiment runs in real time and stably simulates

the contacts between the robot and multiple layers of cloth.

5.3.2 Yarn Level Simulation

We perform further stress tests of our method with the use of yarn level cloth simula-

tions. Instead of simulating cloth as thin shells, we individually simulate each constituent

yarn thread as codimensional rods. The behavior of the cloth is then the sum of contribu-

tions from yarn bending, twisting, stretching, contacts, and friction. This is traditionally

difficult as even minor penetrations (pull-throughs) can cause significant unraveling of the

yarn.

We model rod bending, twisting, and stretching with the use of Cosserat Rods similar

to that proposed by kugelstadt16. To demonstrate the effect of our conservative bounds,

we implement a penalty-energy-based collision handling method and compare it against

our method. This method models contact as a quadratic energy and always takes the full

step given by Newton’s method. In the figure, we label this method as ”Newton”.
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(a) Template (b) Initial State

Figure 5.11: Simulating a dress on a moving human body. The character is driven by
skeletal animation, with 12.8K vertices and 25.4K triangles. The dress model consists of 14
separate pieces as shown in (a), with 15.7K vertices and 29.4K triangles. We use r = 2mm,
a time step of 1/200s, and 20 iterations per step. The average/maximum computation time
per time step is 30/42ms on the CPU and 1.2/1.4ms on the GPU.
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Figure 5.12: Simulating a robot manipulating a T-shirt. The robot’s trajectory is pre-
computed. The T-shirt mesh has 13.8K vertices and 27.4K triangles. We use a collision
radius of 2mm and a time step of 1/600s for the simulation. The average/maximum
computation time per time step is 1.8/2.2ms on the GPU.
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In Figure 5.13, we pull and stretch the yarn cloth on two ends until it is taut with

tension. Using penalty-energy-based collisions, the yarn threads phase through each other

as they ultimately unravel catastrophically. Our method successfully preserves the yarn

geometry even under extreme tension. Despite the yarn being taut enough to remain flat

against gravity, no pull-through occurs.

In Figure 5.14, we clamp the square yarn cloth on two ends and twist one end in five

full rotations. Penalty-energy-based collisions fail to prevent yarn penetration as the yarn

threads crush and entangle into a knot. In contrast, our method is able to successfully

return to the original state once the cloth is let go with no change to the yarn structure.

In both examples, we use a yarn cloth that is 40cm by 40cm with 3mm thick yarn

under normal gravity. The yarn threads have a density of 1 gram per meter and a friction

coefficient of 0.1. Both examples can run in real time on our setup.
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Figure 5.13: The yarn cloth is slowly pulled apart. Pure Newton is unable to prevent
penetrations which cause catastrophic unraveling. In contrast, our method is able to
maintain a penetration free state through-out.

5.3.3 Convergence

To evaluate OGC’s ability to converge with different solvers, we plot the change in

relative force residuals over iterations and computation time in Figure 5.15. The relative

force residual is defined as:

e(i) =
mean(||f(i)v ||)
mean(||f∗v||)

(5.28)

where f∗v is the initial force residual on vertex v and f(i)v is the force residual on vertex after

iteration i.
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Figure 5.14: A square yarn cloth is clamped on its edges and twisted 5 full rotations. Pure
Newton is unable to keep the yarn threads separate as they tangle. Our method is able to
preserve the yarn structure despite the extreme deformation.
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Figure 5.15: Convergence plot of Newton’s method and VBD-based OGC for simulating
three clothes dropping on a sphere at the given step, with 14.7K vertices, 28.6K triangles,
and a time step of 1/100s. The graphs show relative force residuals change over iterations
and computation time.

Both VBD and Newton’s method can reduce the mean force residuals to less than

1e-4, which is the lowest error achievable with single precision. We run VBD for 500

iterations and Newton’s method for 50 iterations. The spike in VBD’s curve corresponds

to the application of contact detection. Since we are not performing a line search for VBD,

the force residuals experience a brief spike after updating the contact set through a new

DCD. However, VBD quickly recovers from this with just a few iterations and continues

to reduce the error.

In terms of convergence speed, Newton’s method converges faster in terms of itera-

tions, reaching numerical convergence at the 46th iteration. However, since each iteration
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of Newton’s method is much more computationally expensive and requires a line search to

ensure stability, it lags far behind VBD in terms of computational time. Collision detection

accounts for approximately 3% of the computational time when using Newton’s method

and 10% when using VBD. This experiment demonstrates that the contact force defined by

OGC can converge very efficiently with various solvers, using minimal contact detections.

5.3.4 Quantitative Comparison to Incremental Potential Contact

We compare Newton’s method based OGC and VBD based OGC with IPC with in-

cremental potential contact (IPC). The results are visualized in Figure 5.16. We used the

open-sourced implementation of Codimensional-IPC (C-IPC) to generate results. We eval-

uate the computational time and the total number of collisions at each step.

We can see that IPC’s use significantly more collision detections because IPC require

more than two collision detections at each iteration: one CCD to cull the global step size

and one DCD per energy evaluation in the line search process. This is not the case for

OGC-based methods, because OGC does not require any CCD, and DCD is only necessary

when points reach their conservative bounds, which does not happen at every iteration,

especially in the later stages of the optimization process. In these later stages, the opti-

mizer (both Newton’s method and VBD) provides very small step sizes, so it usually takes

several iterations for the accumulated displacements to exceed the conservative bounds.

As a result, OGC-based methods require significantly fewer collision detections, leading

to much lower computational time compared to IPC.

This efficiency is particularly advantageous for VBD-based OGC. Since VBD tends to

generate smaller steps than Newton’s method, it is less likely to exceed the conservative

bounds, allowing the simulation to fully leverage VBD’s output. Newton’s method, on

the other hand, tends to provide larger optimization steps, which supposedly can lead to a

more significant reduction in error. However, much of this potential gain can be lost due to

conservative bound culling, resulting in wasted computation. Overall, on the CPU, VBD-

based OGC is more than about 128 times faster than IPC, while Newton’s method-based

OGC is 9.2 times faster than IPC on average.

VBD-based OGC is more advantageous over IPC on GPU. We compare the GPU im-

plementation of VBD-based OGC with GIPC [192], the state-of-the-art GPU variant of IPC.
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Figure 5.16: We compare Newton’s method-based OGC and VBD-based OGC with IPC
by simulating a cloth dropping onto a fixed sphere. The cloth has 4.9K vertices and
9.5K triangles. The simulation is run with a time step of 1/100s for 100 steps. The four
images in the first row show the state of the simulation using IPC at steps 0, 25, 50, and
75, respectively. We use a contact radius of 5mm for OGC and allow IPC to automatically
control the contact radius. From top to bottom, the first figure illustrates the computational
time at each step for each method, the second one is the same as the first one but in a
logarithmic scale, and the third chart shows the number of collision detections used at
each step.
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Figure 5.17: We compare the GPU implementation of VBD-OGC with GIPC [192], and the
CPU implementation of VBD-OGC with IPC, by replicating the volumetric mat twisting
experiment presented in the IPC [2] and GIPC [192] papers. The mesh has 15.3K vertices
and 46.8K tets. The simulation is run with a time step of 1/240s. The four images in the
first row show the state of the simulation using IPC at 0s, 4s, 8s, and 12s, respectively. The
middle row compares the runtime of each step in the GPU implementation of VBD-OGC
against GIPC, while the bottom row compares the CPU implementation of VBD-OGC with
IPC. We use a contact radius of 2 mm for OGC and allow GIPC and IPC to automatically
control the contact radius. We plot the time consumption at each step in the chart.
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We used the open-sourced implementation of GIPC to generate results. For testing, we

simulate the twisting of a volumetric mat at an angular velocity π
2 by 16 seconds and

evaluate the computational time at each step. The results are visualized in Figure 5.17.

The average frame time for GIPC is 1893ms, while VBD-OGC requires only 5.51ms

per step on average, making it 343 times faster and capable of achieving near real-time

performance, even under intensive collisions and deformations. Furthermore, VBD-OGC

demonstrates significantly more stable performance, with the maximum step time reach-

ing only 8.5 ms. In contrast, GIPC’s maximum frame time exceeds 20 seconds, occurring

at the end of the simulation when the object experiences extensive self-contact, leading

to minimal optimization progress in each iteration. This comparison highlights OGC’s

suitability for real-time simulations due to its consistent and efficient time consumption.

We also present the results of the same experiment using the CPU implementations of

VBD-OGC and IPC in the bottom row of Figure 5.17. For IPC, we use its officially released

implementation. While IPC takes an average of 61.18 seconds per time step, the CPU

version of VBD-OGC completes each step in just 0.540 seconds on average, achieving a

133× speedup. This demonstrates that our method’s advantages do not only come from

better parallelism.

5.3.5 Qualitative Comparison to Incremental Potential Contact

5.3.5.1 Work with Large Contact Radius

We compare the compatibility of the IPC and OGC contact models with a large contact

radius by simulating a cloth twisted by half a circle using both methods. The final states

of the simulations using the IPC and OGC are shown in Figure 5.1a and Figure 5.1b,

respectively. The cloth consists of a 200 × 200 regular grid with each side measuring 1

meter, resulting in a 0.5mm minimal distance between vertices. As shown in Figure 5.1a,

the IPC model produces severe artifacts caused by non-orthogonal forces from neighbors

and other points, including vertex bulging and oscillations. In contrast, the OGC model

handles the large contact radius robustly, producing stable and natural contact results.

Please see the supplementary video for a more thorough side-by-side comparison.
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5.3.5.2 Numerical Damping

IPC is known to exhibit severe numerical damping artifacts when convergence is in-

sufficient. This issue is demonstrated in Figure 5.18, where a square cloth is simulated

dropping onto a small sphere, causing self-contact. In this experiment, we use a time step

of dt=1/500 but limit the solver to only one iteration per step. Once self-contact occurs,

IPC quickly loses nearly all momentum, resulting in a slow-motion effect. This happens

because the self-contact restricts the optimization step size, allowing only minimal move-

ment per step and effectively dissipating velocity.

In contrast, the OGC model, with its conservative initialization scheme and per-vertex-

based displacement bounds, preserves the momentum for most vertices, producing sim-

ulations with significantly more dynamics. While neither IPC nor OGC achieves full

numerical convergence under such limited iterations, the OGC model generates results

that are far more visually plausible.

5.4 Discussions
Offset Geometric Contact is a contact model intended to achieve orthogonality of nor-

mal contact force. However, on a discrete surface, orthogonality and continuity of contact

force cannot both be achieved. As illustrated in Figure 5.19a, when a point moves along the

black trajectory, it is subject to discontinuous contact forces, particularly upon entering the

facet’s block from the open boundary. At that moment, it suddenly experiences a non-zero

contact force from the facet. Note that this discontinuity only occurs at the open boundary

on the concave side of the faces, not at the closed boundary, where the contact force is zero.

The more concave the area is, the more likely this issue is to arise, because it occurs in the

overlapping area of two adjacent face’s blocks. However, the more concave the area is, the

less likely it is for a point to enter the narrow space between faces, which helps mitigate the

problem. In theory, this discontinuity can lead to instability or slow convergence, though

we did not observe any such issues in our experiments.

Our technique for achieving penetration-free simulation is significantly more efficient

in scenarios with intensive collisions. However, in cases with few collisions and large

velocities, it may lag behind the CCD-aware line search employed by IPC. As visualized

in Figure 5.19b two mass points falling freely under gravity in parallel: IPC’s technique
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Figure 5.18: Comparing our method (OGC+VBD) with IPC in the low iteration count
setup. In both of those experiments we use a time step of 1/500s and only 1 iteration
per step. The cloth has 4.9K vertices and 9.5K triangles. The top row is the results of
OGC+VBD and the bottom row is the results of IPC. From left to right, each column
visualizes the simulation state at frame 0, 50 and 80.

(a) Discontinuity

𝒙𝒙t

𝒙𝒙t+1

(b) High velocity

Figure 5.19: Illustration of our method’s limitations. (a) A point’s trajectory that results
in a discontinuous contact force. The thickened line and dots represent the face, and the
colored lines indicate the boundaries of the face’s block with corresponding color. Solid
lines denote closed boundaries, while dashed lines denote open boundaries. The solid
black line visualizes the trajectory. (b) Two mass points dropping with high velocity
from current position xt to the next time step’s position xt+1, the circle visualizes the
conservative bound given by our method and the black arrow visualizes their trajectory
within this time step.
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can apply the full step in a single iteration because their trajectories do not intersect. In

contrast, our approach limits their motion to less than d
2 , where d is the distance between

the two points. This restriction can necessitate more iterations for convergence, and the

issue worsens as velocity increases.

Nevertheless, this limitation also suggests a promising direction for future improve-

ment. Potential strategies include intelligently switching among various penetration-free

techniques or incorporating vertex displacement directions to establish tighter bounds.

We have presented offset geometric contact, an efficient contact model that allows for

penetration-free simulation of codimensional objects, significantly reducing the stiffness of

contact forces and increasing the efficiency of the simulation pipeline. By offsetting each

face in its normal directions, our formulation ensures normal contact forces remain or-

thogonal, allowing for a larger contact distance and thus mitigating the stiffness problem.

Instead of continuous collision detection (CCD), we compute a local maximum displace-

ment bound for each vertex in parallel, adding negligible overhead. This local approach,

combined with a fully parallel solver like Vertex Block Descent, enables real-time, large-

scale simulations on GPUs. Our experiments show that this method can be more than

two orders of magnitude faster than IPC-based simulations and maintain near-constant

computational cost by using a fixed iteration count, making penetration-free simulation

feasible for a broader range of applications.

Our results demonstrate that the proposed method effectively handles highly complex

simulation scenarios (Figure 5.8), maintains stability under extreme stress tests (Figure 5.9,

5.10, 5.13, and 5.14), and exhibits fast convergence (Figure 5.15). In addition, we present an

efficient implementation of our contact model integrated with the VBD integrator, lever-

aging block-level operations to maximize parallelism and efficiency.

5.4.0.1 Comparing Activation Functions

To demonstrate the effectiveness of our activation function, we conduct an ablation

test, with results visualized in Figure 5.20. In this experiment, we run two simulations

with our and IPC’s activation function, simulating a piece of cloth dropped onto a sphere

on the ground, with a time step of 1/100s, collision stiffness kc = 1e4, and VBD solver.

We first simulate 40 time steps, ensuring each step reaches numerical convergence. The



130

(a) OGC (ours) (b) IPC

0 50 100 150 200 250 300
Iteration

10 4

10 3

10 2

10 1

100

Re
la

tiv
e 

Fo
rc

e 
Re

sid
ua

ls

OGC (ours)
IPC

(c) Convergence Plot by Iterations

0.0 0.2 0.4 0.6 0.8 1.0
Distance

0

20

40

60

80

100

Fo
rc

e

OGC (ours)
IPC

(d) Force-Distance Relationship for OGC (ours) and IPC

Figure 5.20: Comparing our activation function Equation 5.17 with IPC’s activation func-
tion. The results are measured on the 40th time step of simulating a piece of cloth falling
onto a sphere. The cloth has 4.9K vertices and 9.5K triangles, and we use a time step
of 1/100s. The state of simulation at the selected step using OGC and IPC’s activation
function is visualized in (a) and (b), respectively. Panel (c) plots the convergence of relative
force residuals by iteration, and panel (d) shows the force-distance relationship of the two
functions.
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state of the simulation at the 40th step is visualized in Figure 5.20a and Figure 5.20b.

We can see that the simulations with two activation functions provide visually identi-

cal results. Furthermore, we plot the change in relative force residuals (Equation 5.28)

over iterations of the 40th step in Figure 5.20c, where the simulation using our activation

converges approximately 2x faster than the one using IPC’s activation. At last, we plot

the force-distance relationship of two functions in Figure 5.20d, where we set the contact

radius and collision stiffness kc of both of those activations to be 1. Our activation shows

a smoother transition from 0 to infinity and exhibits less stiff behavior. In fact, at the state

visualized in Figure 5.20a and Figure 5.20b, the condition number of the system Hessian

of the simulation with our activation is 5 times smaller than that using IPC’s activation.



CHAPTER 6

CAPTURING DETAILED DEFORMATIONS

OF NON-RIGID OBJECTS

In this section, we propose a system capable of capturing the detailed deformation of

non-rigid bodies directly, without the need for a registration process. The pipeline of the

system is visualized in Figure 6.1. This system captures temporally consistent data that

describes the trajectories of points on real-world objects, which can be used to optimize

physics parameters using a differentiable simulation framework. Additionally, we intro-

duce a technique to directly drive the simulation with the captured data by incorporating it

into Equation 2.8 as bilateral constraints. This technique is particularly useful for filling in

missing observations in our data. We demonstrate our framework in the context of human

body capture, but this capture system can be easily extended to support other non-rigid

bodies, such as cloth or elastic materials.

6.1 System Summary
In most real-world images, the human body is occluded by clothing, making precise

body measurements difficult or impossible. A significant amount of previous work focuses

on approximate but robust pose estimation in the wild [124, 129]. However, a small muscle

twitch or the speed of breathing may contain signals that are critical in certain contexts,

e.g., in the context of social interactions, minute body shape motion may reveal important

information about the person’s emotional state or intent [136]. Detailed human body

measurements are highly relevant also in orthopedics and rehabilitation [193], virtual cloth

try on [194, 195], or building realistic avatars for telepresence and AR/VR [196, 197].

When precise measurements are needed, prior work utilized either 1) reflective mark-

ers attached to a motion capture suit or glued to the skin [96], or 2) painting colored

patterns on the skin [167]. The traditional reflective (“mocap”) markers present certain

limitations. Because all of the markers look alike (Figure 6.2a), marker labeling relies
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strongly on temporal tracking and high frame-rate cameras. However, robust marker

labeling is a hard problem [98] which often requires manual corrections, especially for

markers that have been occluded for too long. The difficulty of this problem grows with

the number of markers [96], thus sparse marker sets are most common in the industry.

Sparse marker sets are sufficient for fitting a low-dimensional skeletal body model, but

not for capturing the details of flesh deformation or motion due to breathing.

To capture moving bodies with high detail, the DFAUST approach [167] starts by geo-

metrically registering a template body model to 3D scans [165, 131] and then uses colored

patterns on the skin to obtain high-accuracy temporal correspondences via optical flow.

These colored patterns serve a similar purpose as the checkerboard-like corners on our

suit, i.e., they enable precise localization of points on the surface of the body. The key

difference of our approach is that our suit contains also unique two-letter codes adjacent

to each corner, allowing us to label the corners directly by recognizing the codes. This is

not possible with the DFAUST’s patterns, because they are self-similar, created by applying

colored stamps to the skin. Instead, the DFAUST approach relies on the initial geometric

registration and temporal tracking, which can suffer from error accumulation and may

lead to incorrect local minima in more challenging poses or fast motions. The DFAUST

dataset contains a variety of high-detailed human body animations, but is restricted to

upright standing-type motions. In contrast, we demonstrate captures of a wider variety of

motions, including gymnastics exercises, yoga poses or rolling on the ground.

Our new motion capture method was enabled by recent advances in deep learning

and high-resolution camera sensors. The key idea is to use a new type of motion capture

suit with special fiducial markers, consisting of checkerboard-like corners for precise lo-

calization and two-letter codes for unique labeling. Our localization and labeling process

is very robust, because it does not rely on temporal tracking or any type of body model;

in fact, our approach succeeds even if only a small part of the body is visible in the image;

see Figure 6.1. A similar advantage exists also in the temporal domain. Because our

localization and labeling approach can process each image independently, there are no

issues due to occlusions and dis-occlusions which complicate traditional temporal tracking

in both marker-based as well as marker-less methods.

Even though the automatic localization and labeling are very robust, achieving this
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functionality is non-trivial, because our methods need to be robust against significant

stretching of the tight-fitting suit as well as projective distortion. Fortunately, checkerboard-

like corners remain to be checkerboard-like even despite significant stretching of the suit.

We apply three convolutional neural networks combined with geometric algorithms. The

first of our convolutional neural networks (CNNs) is a corner detector which localizes all of

the corners in an input image (4000× 2160). To rectify the distortion of the two-letter codes

inside the white squares, we connect candidate four-tuples of corners into quadrilaterals

(quads) and apply homography transformation which rectifies both suit stretching as well

as projective distortion. Another CNN called RejectorNet then performs quality control and

legible and upright-oriented codes. The remaining codes are passed to RecogNet which

reads the characters in the two-letter code. Because the orientation of our codes is unique

(we avoided symmetric symbols such as “O” or “I” as well as ambiguous pairs like “6”

and “9”), recognition of the code allows us to uniquely label each of the adjacent corners;

see Figure 6.2c.

(a) (b) (c) (d) (e) (f)

Figure 6.1: Visualization of our whole pipeline. (a) Our novel motion capture suit with
a special pattern; (b) An example input image from our multi-camera capture system; (c)
Raw 3D reconstruction of labeled corners from the suit (raw data, no body model was
used); (d) The result after interpolating missing observations (here, a body model is used);
(e) Our reconstructed mesh aligns very closely with the original input images; (f) Our
method works even in uncommon poses with many self-occlusions, such as this yoga pose.

The labels of our corners establish correspondences both in time and in space, i.e.,

between individual cameras in our multi-view system, which means that we can easily

triangulate the 2D corner locations into 3D points. However, the 3D reconstructed (tri-
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angulated) points will inevitably miss observations due to self-occlusions and the limited

number of our cameras; see Figure 6.1c. To fill (interpolate) these missing observations,

we start by fitting the STAR model [135] and then refine it for each of our actors using

a point trajectory from a calisthenics-type motion sequence captured using our method.

This refinement ensures that we obtain the best possible low-dimensional model for each

of our actors, since high quality is our main objective. We use this refined body model to

interpolate the missing corners in the rest pose, resulting in the final mesh without any

holes; see Figure 6.1d.

Our goal was to make each two-letter code as small as possible, so we can recover the

highest possible number of points on the body. We created our special capture suits in

two sizes, one “medium” (with 1487 corners) and one “small” (with 1119 corners) and we

captured three actors: one male and two females (two of the actors used the “medium”

suit).

We evaluated both the geometric accuracy through reprojection error of 3D recon-

struction, and the quality of the temporal correspondences by computing the optical flow

between the synthetic image and the real image. Results show 99% of our reconstructed

points has a reprojection error of less than 1.01 pixels, and 95% of the pixels on the op-

tical flow have a optical flow norm of less than 1.2 pixels. In our camera setup, 1 pixel

approximately converts to 1mm on a person 2 meters away from the camera.

6.2 3D Reconstruction of Labeled Points
6.2.1 Suit

To create our special motion capture suit, we started by purchasing a tight-fitting uni-

tard, originally intended for dance or performing arts. Fortuitously, one of the manufacturer-

provided patterns was precisely the black-and-white checkerboard texture reminiscent of

computer vision calibration boards (in fact this provided some of the original inspiration

for this project). We purchased two suits, one “medium” and one “small” and augmented

them by writing codes into the white squares using a marker pen. The medium suit

contains 1487 corners and 625 two-letter codes; the small suit has 1119 corners and 456

codes. For our two-letter codes, we only used symbols whose upright orientation is unique

and non-ambiguous, specifically: “1234567ABCDEFGJKLMPQRTUVY”.
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Corner

Code

(a) (b) (c)

Figure 6.2: Comparison between traditional mocap markers and our markers. (a) A
classical motion capture suit with reflective markers. (b) The design of our motion capture
suit with fiducial markers. (c) Each or our markers consists of checkerboard-like corners
and codes.

(a) (b)

Figure 6.3: Our camera setup. (a) A photo of our 16 camera setup. (b) The cameras form a
circle surrounding the capture volume.
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(a) (b) (c) (d)

Figure 6.4: Comparison of (a, b) hand-drawn and (c, d) printed suits.

11

(a) CornerdetNet (b) Candidate Quads (c) Homography Transformation (d) RejectorNet

1J

(e) RecogNet

Figure 6.5: Corner localization and labeling pipeline: (a) CornerdetNet CNN detects and
localizes our suit corners; (b) Four-tuples of corners are connected into candidate quads; (c)
homography transformations using all four possible orientations (we selected a few quads
and outlined them with different colors for illustration purposes); (d) RejectorNet CNN: a
binary classifier accepting only valid white squares with upright oriented two-letter codes;
(e) RecogNet CNN recognizes the two characters in the valid codes.
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An alternative to hand-drawn suits is to use a cloth printing service, capable of printing

an arbitrary high-resolution image on textile. However, this approach is more complex

because it requires us to design sewing patterns, ship them to the printing service, then cut

and sew the printed textile into a suit. We have explored this approach, using a computer

font that is quite different from our handwriting; see Figure 6.4c, d. This experimental

suit contains 1473 corners and 618 two-letter codes, but it contains large black areas due to

suboptimal sewing patterns.

6.2.2 Camera System

Our multicamera setup contains 16 standard (RGB) cameras arranged into a circle

surrounding the capture volume (Figure 6.3b). Each camera captures 4000×2160 images

at 30 FPS in RAW format. The camera shutters are synchronized via genlock with negli-

gible synchronization error, which means that human motion is captured as if “frozen” in

time. Surrounding the capture volume, we positioned 32 softboxes that generate uniform

diffuse light. The bright light allows us to use a small aperture and very fast 0.5ms shutter

speeds, guaranteeing sharp images even with the fastest human motions. The cameras are

calibrated by waving a traditional calibration checkerboard in from of them. The intrinsic

and extrinsic camera parameters are calibrated using the well-established method [198]

for which we use OpenCV’s checkerboard corner detector for rigid calibration boards

[199]. Next, the camera parameters and the 3D checkerboard corner positions in the world

coordinates are further refined using bundle adjustment [200]. We use the Levenberg-

Marquardt algorithm and the Ceres library [201].

6.2.3 Image Processing Pipeline

The calibrated cameras generate sequences of images, which are processed by our

pipeline outlined in Figure 6.5. We start by detecting checkerboard-like corners in the input

image with sub-pixel accuracy (Figure 6.5a, Section 6.2.4). Next, we need to uniquely label

the detected corners by recognizing the adjacent two-letter codes. Because the codes are

written in the white squares surrounded by four corners, we generate candidate quadri-

laterals (quads) by connecting four-tuples of corners. Only a few four-tuples of corners

correspond to the white squares, but it is okay to generate a quad that does not cor-

respond to a white square, because it will be discarded later; hence we use the term
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“candidate quads”; see Figure 6.5b. Since the quads are generated by connecting four

corners, we naturally have correspondences between the corners and the quads. The

candidate quads are rectified by mapping them into a regular square using homography

(Figure 6.5c, Section 6.2.5) to remove suit stretching and perspective distortion, and then

passed as input to RejectorNet which performs quality control and checks whether the quad

actually corresponds to a white square with a code (Figure 6.5d). The RejectorNet also

ensures the correct upright orientation of the code. The images accepted by RejectorNet are

then passed to RecogNet, which reads the two-letter code that finally enables us to uniquely

label each corner (Figure 6.5e).

We would like to point out that our method is local by design, i.e., each stage of

the pipeline works with small patches of the input image. This gives us a several ad-

vantages: a) Our method is capable of extracting reliable geometric information of the

human body and - crucially - correspondences even from a small patch of the suit. This

makes our method very robust to occlusions or partial views of the human body e.g., due

to zoomed-in cameras. b) By decomposing the suit into small quads and undistorting

them using homography, we can counteract much of the projective distortions and suit

stretching (see Figure 6.5c), simplifying the learning task. c) The CNN quad classifier

includes a quality control mechanism, rejecting white squares with dubious quality and

further improving the robustness of our method.

6.2.4 Corner Detector

The corner detector’s task is to detect and localize all checkerboard-like corners in the

input image. This task is non-trivial because there are corner-like features in the back-

ground, the suit stretches along with the skin and there are significant lighting variations.

Our corners have two key properties: a) The corners are sparsely and approximately

uniformly distributed on the suit; b) The corners are defined locally, i.e., a small image

patch is enough to identify and localize a corner. We divide our input image into a grid of

8× 8 cells with the assumption that there could be at most one checkerboard-like corner

in each 8× 8 cell, and apply CornerdetNet CNN to detect and localize a checkerboard-like

corner from each cell separately. The design of CornerdetNet is inspired by single shot

detectors [202, 203], which perform prediction and localization simultaneously. Please see
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Supplementary Material A.1 for more details about CornerdetNet.

6.2.5 Corner Labeling and 3D Reconstruction

At this point we have detected typically several hundreds of corners in each input

image. The next step is to read the codes and link them to the corners, which will give us a

unique label for each corner. The deformations of the suit and its codes can be significant,

including not only projective transformations, but also stretching and shearing because the

tight-fitting suit is highly elastic. First we have to detect the white squares with two letter

codes. We know that each such white square is surrounded by four corners. Therefore,

we generate quadrilaterals (quads) by connecting four-tuples of corners. In theory we

could connect any four-tuples of corners into a quad, but in practice we can immediately

discard concave quads (which do not correspond to correct sequences of corners) or quads

that would cover too few or too many pixels (which would make it impossible to contain

a legible code). We call the resulting quads “candidate quads”, because they may - but

are not guaranteed to - contain a correct two-letter code. We transform the four corners

of each candidate quad to a standardized square using a homography transformation to

simplify subsequent processing. The standardized square is a 64× 64 pixel image with 20

pixel margin on each side, i.e., 104× 104 total; see Figure 6.6. The 20 pixel margin allows

the RejectorNet to detect errors stemming from incorrect corner detections. Since we do

not know the correct upright orientation of our two-letter code yet, we generate all four

possible orientations; see Figure 6.6c, d. Figure 6.6c shows an example of an invalid quad

and Figure 6.6d demonstrates a valid one.

6.2.5.1 Quad Classifiers

We trained two quad classifiers, RejectorNet and RecogNet. RejectorNet is a binary clas-

sifier predicting whether a candidate quad is valid, i.e., whether the four corners are at

the correct locations and their order is correct relative to the upright code orientation;

see Figure 6.6b. Also, the white square surrounded by a valid quad needs to contain a

clearly legible code. Invalid quads are discarded, and the valid ones are passed to RecogNet

which reads the codes, such as “2L” in Figure 6.6b. RecogNet is a multi-class classifier

with two heads, one for each character of the two letter code. The details of candidate

quad generation and quad classifiers can be found in Supplementary Material A.2. We
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Figure 6.6: Quad generation: (a) For a given corner (red), we find three other corners
(yellow) within a bounding box and compute their convex hull to generate a candidate
quad. Here we visualize two example candidate quads (green and blue); (b) Our corner
numbering convention with respect to upright code orientation; (c) and (d): The four
possible orientations of the candidate quads, and their corresponding homography trans-
formations. (c) is an invalid candidate, but the first orientation in (d) is valid.
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use standard cross entropy losses to train those classifiers. The training of our CNNs is

discussed in Section 6.5.

6.2.5.2 Corner Labeling and 3D Reconstruction

At this point, the two-letter codes of the valid quads have been recognized, including

their upright orientation. The next step is to uniquely label each corner. We define a label-

ing function l(code, iq) which maps a two-letter code and corner index iq ∈ {1, 2, 3, 4} (see

Figure 6.6b) to an integer which represents a unique corner ID. The unique corner IDs are

defined for each suit. Many corners have two two-letter codes adjacent to them. If both of

the two-letter codes are visible, we can leverage this fact as a redundancy check, detecting

potential errors of RecogNet. Given unique corner IDs, we can convert corresponding 2D

corners in more than two views into labeled 3D points. Let Ci be the set of cameras that

see corner i, k ∈ Ci is a camera that sees corner i, ck
i ∈ R2 be the corner i’s location in image

coordinate system of camera k, and f k : R3 → R2 is the projection function of camera k.

We computed 3D reconstructed corner pi by minimizing the reprojection error:

pi = arg min
pi∈R3

∑
k∈Ci

|| f k(pi)− ck
i ||22 . (6.1)

This is a non-linear least square optimization problem; we compute an initial guess of pi

using the Linear-LS method [204] and optimize it using non-linear least squares solver

[201].

6.2.5.3 Error Filtering

The label consistency check discussed above works only if two adjacent two-letter

codes are present in the suit and visible in the images. If this is not the case, a corner can be

assigned the wrong label if RejectorNet or RecogNet make a mistake. This kind of labeling

errors will typically result in non-sensical correspondences with large reprojection errors,

which we detect and correct by a RANSAC-type method discussed below. Specifically, for

a corner with label i, let Ci be the set of the cameras that claim to see this corner. We assume

that outliers in Ci, i.e., the cameras that mislabeled corner i, should only be a minority. We

iterate over all pairs of cameras (j, k) in Ci, and 3D reconstruct the corner i from each pair.

Among all of the pairs, we pick the 3D reconstruction that has the lowest reprojection

error averaged over all cameras in Ci and assume this is the correct 3D location pi. Next,
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(a) (b)

(c) (d)

Figure 6.7: Two types of annotations we applied: (a, b): corner annoatation; (c, d): quad
annotation.
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Figure 6.8: Example input images (top) from our multi-camera system and the correspond-
ing raw 3D reconstructions (bottom). The reconstructed 3D points are meshed according
to the patterns in our suits.
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we analyze the reprojection errors of pi into all of the cameras Ci. The reprojection error

should be low in cameras with correct labeling, but high if there was a labeling error.

We use the 1.5 × IQR (interquartile range) rule [205] to detect the outliers in terms of

reprojections errors. We re-compute the triangulation of pi after removing the outliers

from the cameras Ci. This RANSAC-type outlier filter does not work when there are only

two cameras that see one corner. Therefore, we additionally discard reconstructed corners

with an average reprojection error larger than 1.5 pixels. These tests are designed to be

conservative, because mistakenly discarded points are not a major problem, just missing

observations which can be inpainted as discussed in Section 6.4.

6.3 Data Acquisition and Neural Network Training
A key feature of our approach is that all of our networks are trained only on small

image patches, e.g., see Figure 6.6c, d. This allows our trained model to generalize to

different suits, capture environments, camera configurations and body poses that are not

in the training set, because our local fiducial markers exhibit significantly less variability

than images of full human poses. This is quite different from deep-learning-based methods

that perform global pose-prediction, looking for the body as a whole. The training of

our networks does not require large training sets. We have prepared our training data

ourselves, without the use of any external annotation services or existing data sets.

Our dataset contains 28 manually annotated images, 24 of them are randomly selected

from captures of our three actors wearing the hand-drawn suits. We also captured a

different (fourth) actor wearing the printed suit and annotated four images of it in order

to evaluate our approach on printed characters as opposed to hand-drawn. For each

image, we apply two types of annotations: corner annotation (Figure 6.7a, b) and quad

annotation (Figure 6.7c, d). In the corner annotation, we manually annotate all of our

checkerboard-like corners on the suit with sub-pixel accuracy. In the quad annotation, we

manually connect the corners annotated in the previous step into quads. Specifically, we

create quads that correspond to valid white squares with two-letter codes in the suit and

the annotators also write down the code of each annotated quad. We ensure the quad

vertices are in a clockwise order and start from the top-left corner, defined by the upright

orientation of the code (see Figure 6.6b). It takes about two person-hours to annotate
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one image. These annotations are then automatically converted into training data for our

networks using techniques described in Appendix C.

We apply data augmentation to our training data through geometric and color space

operations. We also generate synthetic training data by rendering textured human body

models. The details can be found in Appendix C.

6.4 Filling Missing Observationswith Refined Body Model
Our method for 3D reconstruction of labeled points will inevitably result in missing

observations because the human body often self-occludes itself and is observed only by

a limited number of cameras; see Figure 6.8. In this section, we propose a method to

interpolate (inpaint) the missing corners. Even though we could use any existing multi-

person human body model [134, 135] for this purpose, we can achieve higher quality,

because our pipeline gives us highly accurate measurements of the actor’s body and its

deformations. Therefore, instead of relying on previous statistical body shape models, we

capture example motions of a given actor using our method and use this data to create a

more precise refined body model, i.e., a model with parameters refined for a specific person.

Our body model has two types of parameters: shape parameters that are invariant

in time, and pose parameters that change from frame to frame as the body moves. The

shape parameters are only optimized during the model refinement process. After the body

model refinement process is done, we fix the shape parameters and only allow the pose

parameters to change. However, even after the refinement, the low-dimensional body

model will not fit the 3D reconstructed corners exactly. We call the remaining residuals

“non-articulated displacements”, because they correspond to motion that is not well ex-

plained by the articulated body model. The non-articulated displacements arise due to

breathing, muscle activations, flesh deformation, etc. Therefore, in addition to our refined

body model we also interpolate the non-articulated displacements mapped to the rest pose

via inverse skinning. The combination of the refined body model with the non-articualted

displacement interpolation enables us to achieve high quality inpainting.
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6.4.1 Actor-Specific Model Optimization

Our body model is based on linear blend skinning (LBS) [206]. Let vi ∈ R4 for i =

1, 2, . . . , N be the deformed vertices in homogeneous coordinates, where N is the number

of all the vertices on our body model. We denote the skinning model as: vi = Di(ṽi, J, W, `),

where ṽi ∈ Ṽ = (ṽ1, . . . , ṽN), Ṽ are rest pose vertex positions, J = (j1, . . . , jM) are joint

positions and M is the number of joints in our model; W ∈ RN×M is the matrix of skinning

weights and θ ∈ RM×4 are joint rotations represented by quaternions. In summary, Ṽ,

J and W are shape parameters (constant in time) and θ are pose parameters (varying in

time). The deformed vertices can be computed as:

vi = Di(ṽi, J, W, θ) =
M

∑
j=1

wi,jTj(θ, J)ṽi . (6.2)

Note that here vi, ṽi ∈ R4×1 are the deformed and rest pose vertex in homogeneous

coordinates and Tj(θ, J) ∈ R4×4 represents the transformation matrix of joint j. In the

following we will use homogeneous coordinates interchangably with their 3D Cartesian

counterparts.

6.4.1.1 Initialization

We initialize our body model by registering our corners to the STAR model [135]. We

start by selecting a frame finit in a rest-like pose where most corners are visible, and fit the

STAR model to our labeled 3D points in finit using a non-rigid ICP scheme which finds

correspondences between our suit corners and the STAR model’s mesh. The non-rigid ICP

process is initialized by 10 to 20 hand picked correspondences between the STAR model

and the 3D reconstructed corners. During the ICP procedure, We optimize both pose and

shape parameters of the STAR model and iteratively update correspondences by projecting

each of our 3D reconstructed points to the closest triangle of the STAR model (the actual

closest point is represented using barycentric coordinates).

In this stage, we have registered most of our corners to the STAR model, but we still

need to add corners that were unobserved in frame finit. We can fit the STAR model to

subsequent frames of our training motion using non-rigid ICP initialized by the registered

corners instead of hand picked correspondences. These subsequent frames will reveal

corners unobserved in the initial frame, which we register against the STAR mesh by
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closest-point projection as before. We use the corners registered to the STAR model’s rest

pose as the initial rest pose shape Ṽ0, and use barycentric interpolation to generate the

initial skinning weights W0. Note that the number of vertices and mesh connectivity of

our body model is different from the STAR model’s mesh. We use each corner on the suit

as a vertex of our model, and the rest pose vertex ṽi corresponds to corner i in our suit.

The meshing of our body model is discussed below. We use the STAR model’s joints as the

initial joint location J0. We removed the joints that controls head, neck, toes and palm from

the STAR model, resulting in M = 16 joints. We call this model our initial body model.

6.4.1.2 Model Refinement

After the initialization, we further optimize the shape parameters to obtain our refined

body model that more accurately fits a specific actor. Specifically, we optimize the skinning

weights W, the joint locations J and the rest pose vertex positions Ṽ. Unlike *SMPL

or STAR, we do not use pose-corrective blend shapes and instead correct the shape by

interpolating non-articulated displacements, discussed in Section 6.4.2.

If Pk, k = 1, 2, . . . , K is the set of 3D points that were reconstructed from frame k and K

is the number of frames in the training set, we refine the body model by minimizing:

LA(Ṽ, J, W, Θ) = L f (Ṽ, J, W, Θ) + λgLg(W) + λJLJ(J) (6.3)

where Θ = (θ1, θ2, . . . , θK) are the pose parameters of all the frames in the training set and

L f (Ṽ, J, W, Θ) is the fitting error term:

L f (Ṽ, J, W, Θ) =
1

∑K
k=1 |Pk|

K

∑
k=1

∑
pk

i ∈Pk

∥Di(ṽi, J, W, θk)− pk
i ∥2

2 . (6.4)

LJ(J) is an l2 loss penalizing joint locations moving too far away from their initial positions

and Lg(W) is a regularization term encouraging sparsity of the skinning weights:

Lg(W) =
N

∑
i=1

M

∑
j=1

gi,jw2
i,j (6.5)

where gi,j is the geodesic distance from corner i to the closest vertex that has non-zero

initial weight for joint jj in the STAR model. The regularization weights were empirically

set to λg = 1000 and λJ = 1 when our spatial units are millimeters.

We optimize LA with an alternating optimization scheme. Starting with the initial LBS

model, we first calculate pose parameters θk for each frame. Then we optimize W, J, and Ṽ
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one by one, while keeping the other parameters fixed. We iterate this procedure until the

error decrease becomes negligible; in our results we needed between 50-100 iterations.

After the optimization is finished, we mesh the rest pose vertices Ṽ. From the unique

ID of each corner, we know how they were connected into quads in the suit. We manually

add vertices to close the holes which come from areas of the suit such as the zipper and

the seams (see Figure 6.9a). The result is a quad-dominant mesh (Figure 6.9b).

6.4.2 Point Cloud Completion

After the optimization, the fitting error (Equation 6.4) will drop from 13.5mm to 7.1mm

on the test set; further results are reported in Section 6.5.4. The refined LBS body model

is good for representing articulated skeletal motion of the actor’s body, but it does not

represent well effects such as breathing or flesh deformation. However, the non-articulated

component of the motion that cannot be represented by LBS is relatively small. Therefore,

we start by applying inverse skinning transformations (also known as “unposing”) to our

observed 3D reconstructed points pi; see Figure 6.10d. We denote the inverse skinning of

point i at pose k as D−1
i (pi, J, W, θk). As can be seen in Figure 6.10d, the D−1

i (pi, J, W, θk)

will not exactly match ṽi due to the non-articulated residuals. Formally, the non-articulated

displacements ∆ṽk
i are defined as:

vk
i = D(ṽi + ∆ṽk

i , J, W, θk) . (6.6)

The key problem of our inpainting consists in interpolating the values of ∆ṽk
i from the

observed points to the unobserved ones, in other words, predicting the unobserved non-

articulated displacements; see Figure 6.10e. The modified rest pose is then mapped back

by (forward) skinning to produce the final mesh; see Figure 6.10f.

Our method for predicting the unobserved non-articulated displacements in the rest

pose is based on the assumption of spatio-temporal smoothness. We stack all of the rest

pose displacements into a KN × 3 matrix X, where K is the number of frames and N the

number of vertices (all vertices, both unobserved and observed ones).

We find X by solving the following constrained optimization problem:

minLspat(X) + wTLtemp(X)

s.t. CX = D
(6.7)
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where Lspat is a spatial Laplacian term that penalizes non-smooth deformations of the

mesh and Ltemp is a temporal Laplacian term that penalizes non-smooth trajectories of the

vertices. Both of the terms are positive semi-definite quadratic forms. The parameter wT

is a weight balancing these two terms which we empirically set to 100. The sparse selector

matrix C represents the observed points (constraints) and D their unposed 3D positions

for each frame (each frame may have a different set of observed points). Specifically, we

define Lspat as:

Lspat =
3

∑
i=1

XT
i LXi (6.8)

where L is cotangent-weighted Laplacian of the rest pose and Xi is the i-th column of X.

We found this quadratic deformation energy to be sufficient because our non-articulated

displacements in the rest pose are small, though in future work it would be possible to ex-

plore non-linear thin shell deformation energies. ForLtemp, we use 1D temporal Laplacian

which corresponds to acceleration: ∥∆ṽk−1
i − 2∆ṽk

i +∆ṽk+1
i ∥2

2. TheLspat operator is applied

to all frames independently, and Ltemp is applied to all vertices independently. However,

their weighted combination in Equation 6.7 introduces spatio-temporal coupling, allowing

one observed point to affect unobserved points through both space and time.

Note that Equation 6.7 is equivalent to the Variational form of Back Euler Equation 2.8

with linear bilateral constraints. The temporal Laplacian Ltemp corresponds to the inertia

term with external acceleration set to 0, and Lspat is a quadratic bending energy [207].

The optimization problem Eq. 6.7 is a convex quadratic problem subject to equality

constraints, which we transform to a linear system (KKT matrix) and solve. The only

complication is that when processing too many frames, the KKT system can become too

large. For example, with K = 5000 frames, the KKT matrix becomes approximately

107 × 107. Even though the KKT matrix is sparse, the linear solve becomes costly. To

avoid this problem, we observe that smoothing over too many frames is not necessary and

introduce a windowing scheme, decomposing longer sequence into 150-frame windows

and solve them independently. To avoid any non-smoothness when transitioning from

one window to another, the 150-frame windows overlap by 50 frames. After solving the

problem in Equation 6.7 for each window separately, we smoothly blend the overlapping

50 frames to ensure smoothness when transitioning from one window to the next one.
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In this section we considered only off-line hole filling, where we can infer information

from future frames. This approach would not be applicable to real-time settings where

future frames are not available.

6.5 Results
We first discuss the details of our CNN training process and the results. To prepare

the training data, we manually annotated 24 randomly selected images (4000× 2160) of

our three actors wearing the handwritten suits. Out of the 24, we withheld 4 images as

test set A. To evaluate our system’s ability to generalize to a different suit and person, we

also captured a short sequence of a fourth actor wearing the printed suit and annotated

4 images from this sequence as test set B. Note that our trained process has never seen

the font in the printed suit. Table 6.1 shows the total numbers of images used for training

our CNNs. As shown in the first row of Table 6.1, the original training set (without data

augmentation) for RecogNet is much smaller compared to CornerdetNet and RejectorNet,

because of the limited number of valid quads in each of our annotated images. To improve

the classification performance of RecogNet, we used synthetically generated images to

complement the real data, as discussed in Supplementary Material B.2. The synthetic data

contain 214471 crops (104× 104), which significantly improved the robustness of RecogNet;

see Section 6.5.1.

We train our CNNs using Tensorflow [208] using a single NVIDIA Titan RTX; for each

of our CNNs, an overnight run is typically enough to converge to good results using the

Adam optimizer. After our CNNs have been trained, we run inference on a PC with an i7-

9700K CPU and an NVIDIA GTX 1080 GPU. With a 4000× 2160 input image, an inference

pass of CornerdetNet takes 300ms, generating candidate quads 10ms, RejectorNet takes

1-2s to classify all of the candidate quads (104× 104) and RecogNet takes 5ms to recognize

the valid quads. The computational bottleneck is the RejectorNet due to the large number

of candidate quads; this could be improved in the future by a more aggressive culling of

candidate quads. For each frame, the time for 3D reconstruction is negligible, taking less

than 1ms for all points. Even though we used only one computer and processed our image

sequences off-line, we would like to point out that our method for extracting 3D labeled

points from multi-view images is embarrassingly parallel, because each frame and even



152

each input crop for our CNNs can be processed independently. Coupling through time is

introduced only in the final hole-filling step (Section 6.4.2). The time for solving the sparse

linear system (Eq. 6.7) for a 150 frames window is about 10s.

We captured motion sequences of three actors, one male and two females. One of the

female actor wears the small suit and the other two actors wear the medium suit. For

each actor, we captured about 12,000 frames (at 30FPS) of raw image data consisting of 1)

camera calibration, 2) 6000 frames of calisthenics-type sequence intended for body model

refinement (also serving as a warm-up for the actor), 3) the main performance. Each frame

consists of 16 images from our multicamera setup. It took about 300 hours to process all of

the 576,000 images (4.6 TB) using one computer.

6.5.1 Evaluation of CNNs

6.5.1.1 Cornerdet

There are two parts of the CornerdetNet’s output: 1) classification response that predicts

whether there is a valid corner in the center 8× 8 window of the input 20× 20 image and 2)

its subpixel coordinates (or arbitrary values of a corner is not present). We summarize the

results for both classification and localization errors. The localization error is measured by

the distance in pixels between the predicted corner location and the manually annotated

corner location. The overall classification accuracy for CornerdetNet is 99.393% on the

training set and 99.510% on the test set A. The fact that CornerdetNet works better on the

test set A supports our hypothesis that more aggressive data augmentation results in worse

performance on the training set but better performance on the test set. On the test set A,

the average localization error is 0.21 pixels and 99% of the corner localizations achieve

error 0.6361 pixels or less, which is remarkably low. Similar accuracy was also achieved on

the test set B, which is from the printed suit, which means CornerdetNet can generalize to

a suit that it has not been trained on. With our camera setup, 1 pixel error corresponds to

approximately 1mm of 3D error for an actor 2 meters away from the camera. In practice,

this means that our 3D reconstructed points are highly accurate, allowing us to capture

minute motions such as muscle twitches or flesh jiggling.
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6.5.1.2 RejectorNet

The confusion matrices of a trained RejectorNet network are reported in Table 6.2a -

Table 6.2e. The overall classification accuracy for RejectorNet is 99.723% on the training

set, 99.704% on the test set A, and 99.31% on the test set B. From the confusion matrix, we

can observe that we have more false positives than false negatives. The reason is that we

intentionally annotated the training data conservatively. As shown in Figure 6.11a, quads

with even slight imperfections were labeled as negative examples. This results in RecogNet

reporting more false positives, but the RecogNet actually inherits the conservative nature of

the annotations; in practice, RecogNet only rarely accepts a low-quality quad image. This

nature is well demonstrated by its performance on test set B. Because the RejectorNet have

never seen the font used on the printed suit, due to its conservative nature it tends to reject

a considerable number of valid quads (around 23% of valid quads are rejected). On the

other hand, the RejectorNet returns no false positives, i.e., no invalid quads were falsely

accepted.

6.5.1.3 RecogNet

We compare the RecogNet trained with/without the synthetic training set in Table 6.3 -

Table 6.6. Without using the synthetic training set, the RecogNet had prediction accuracy

of 99.522% on the test set A. This accuracy was low and it was the main source of errors

in our pipeline. Enhanced with the synthetic training set, the prediction accuracy on the

test set A increased to 99.919% and significantly improved our results. Moreover, without

using the synthetic training set, the RecogNet cannot generalize well to the test set B: the

prediction accuracy on it is only 85.16%. That is because RecogNet has never seen this new

font on the printed suit. However, by enhancing training set with synthetic data which

uses various fonts, the generalizability of RecogNet has improved significantly, achieving

an accuracy of 100% on the test set B.

6.5.1.4 Overall Performance

In the previous sections we reported the results of each individual CNN. To evaluate

our complete corner localization and labeling pipeline (Figure 6.5), we use our 2 test sets

of 8 manually annotated images (4000× 2160) where we know the ground truth positions

and labels of all corners. The images in the test set A and test set B contain 1702 and 1296
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manually labeled corners, respectively. Our 2D pipeline detected 92% (1566 of 1702) of

the ground truth corners from the test set A and 69% (896 of 1296) of the ground truth

corners from the test set B. The discarded corners corresponded to low quality quads

or quads with printed fonts that are significantly different from the hand-drawn ones,

which were rejected by RejectorNet. Note that we intentionally trained the RejectorNet to be

conservative, i.e., to reject all borderline cases. Missing observations on the test set A do

not represent a big problem because they can be fixed by inpainting (Section 6.4.2); also, we

observed that low-quality quads are often associated with inaccurate corner localization,

increasing the noise in the 3D reconstruction. The missing observations on the test set B

could be improved by enhancing the training of RejectorNet with a few more annotated

images from the new suit, or training RejectorNet with synthetic data. The mean corner

localization error in our is 0.4607 pixels test set A and 0.4678 on the test set B, and the

maximum localization error is 1.854 on the test set A and 1.031 on the test set B. Due to our

conservative rejection approach, the final CNN, RecogNet, made zero mistakes on the test

sets, i.e., all of the labeled corners in the two test sets were assigned the correct label.

6.5.2 Comparison to Previous Methods

6.5.2.1 CornerdetNet

We compared our CornerdetNet with three alternative corner detectors: Shi-Tomasi

[209], Harris [210], and deep-learning-based detector “SuperPoint” [144]. For Shi-Tomasi

[209] and Harris [210], we use OpenCV’s [211] implementation and the recommended

parameters. We used the method cv::cornerSubPix() [212] to refine the detected corner

locations to subpixel accuracy.

A qualitative comparison of corner detection results is shown in Figure 6.12. We also

quantitatively compare those corner detectors using the test set B. To evaluate the classifi-

cation accuracy, we match the detected corners to the annotated corners if the distance be-

tween them is less than 1.5 pixels. The classification accuracy comparison is shown (Table

6.7). As we can see from both Figure 6.12 and Table 6.7, Shi-Tomasi, Harris and SuperPoints

all have the same problem: they detect a lot of non-checkerboard corners (false positives),

many of which are from the text on the suit. This is not surprising because those corner

detectors are designed to detect general features that exists in nature, not checkerboard
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corners specifically. These wrong detections can slow down the processing of our pipeline

because they lead to more invalid candidate quads. Also, they can confuse RejectorNet. On

the other hand, alternative corner detectors are missing many valid corners in comparison

to CornerdetNet, which will results in missing observations. From Table 6.8, we can see that

those corner detectors are also inferior to CornerdetNet in terms of localization accuracy.

6.5.2.2 RecogNet

We compared our RecogNet with Tesseract-OCR [213]. The results are shown in Table

6.9. Tesseract-OCR produces significantly worse results than RecogNet, especially on the

hand-drawn test set A. In practice, we find that Tesseract-OCR is very sensitive to stretch-

ing, distortion and noise. This is probably due to the fact that Tesseract-OCR was designed

to recognize printed text with standard format rather than text on a suit worn by human

which can have significant distortion due to stretching. Our dedicated RecogNet performs

much better in this case.

6.5.3 3D Reconstruction Accuracy

6.5.3.1 Metrics

Evaluating 3D reconstruction accuracy is hard, because we do not have any ground

truth measurements of a moving human body. To evaluate the accuracy of our 3D re-

constructed corners, we compute their reprojection errors and we compare them to the

reprojection errors obtained in our camera calibration process (Section 6.2.5). Using f k to

denote the projection function of camera k, if a reconstructed 3D point pi is seen by camera

k and ck
i is the pixel location of the corresponding 2D corner i in camera k, the reprojection

error for corner i in camera k is defined as:

ei,k = || f k(pi)− ck
i || . (6.9)

The reprojection error for camera calibration is defined analogously, except that we use 3D

calibration boards with perfect, rigid checkerboard corners and a standard OpenCV corner

detector. In contrast, our corners are painted on an elastic suit worn by an actor.



156

6.5.3.2 Quantitative Evaluation

We report the histograms of reprojection errors of 3D reconstruction and camera cali-

bration in Figure 6.13. The 3D reconstruction reprojection error is computed per camera

for all the reconstructed points in a consecutive sequence of 10000 frames. The calibration

reprojection error was computed on 448 frames that we use to calibrate the cameras, where

we wave a 9× 12 calibration board in front of our cameras. In Figure 6.13, we can see the

two error distributions look very similar, which means the reprojection errors of our 3D

reconstruction results have similar statistics as the reprojection errors in camera calibration.

We cannot expect to obtain lower reprojection errors than camera calibration.

Table 6.10 shows the percentiles of all the reprojections errors in 10000 frames that we

use to evaluate the 3D reconstruction. 99% of the reprojection errors is less than 1.009

pixels, which is remarkably accurate given the high resolution of our images (4000× 2160).

6.5.3.3 Qualitative Evaluation

Figure 6.14 shows challenging cases where there are significant self occlusions. We

mesh the reconstructed point cloud using the rest pose mesh structure introduced in Sec-

tion 6.4.1 by preserving the observed faces in the rest pose mesh (see Figure 6.9b). Then

we project the reconstructed mesh back to the image using the camera parameters, which

gives us the green wireframe in Figure 6.14. We can see that the mesh wireframe aligns

very closely with the checkerboard pattern on the suit. Another important observation is

that even despite large occlusions, our method can still obtain correctly labeled corners as

long as the entire two-letter code is visible see, e.g., the foot and calf in Figure 6.14a, b.

In Figure 6.14c, we can see that the conservative RejectorNet correctly rejects the wrinkled

quads in the belly region, since reading the codes would be difficult or impossible.

6.5.4 Evaluation of Body Model Refinement

To refine our actor model, we record a 6000 frames training sequence. After the body

model refinement we select another 3000 frames corresponding to motions different from

the ones in the training set. The fitting error is defined as the distance between the vertices

of the deformed body model and the actual 3D reconstructed corners. We compare the

fitting errors between the initial model, which is just a remeshing of the STAR model (see

Section 6.4.1), and the refined body model, which was optimized on the training set (see
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Section 6.4.2). Figure 6.15 shows the distribution of fitting errors per vertex of the initial

body model and the refined body model on the training set and the test set. We can see in

both data sets, the refined body model is much more accurate. Specifically, the body model

refinement reduces the average fitting error from 13.6mm to 5.2mm on the training set and

from 13.5mm to 7.1mm on the test set. Figure 6.16 visualizes the fitting errors on the body

model before and after body model refinement in one example frame using a heat map.

6.5.5 Evaluation with Optical Flow

To quantify the accuracy of the 3D reconstruction of the entire body, we compare ren-

derings of a textured mesh with the original images using optical flow [166, 167]. First, we

need to create a suit-like texture for our body mesh (Figure 6.9b). We create a standard UV

parametrization for our mesh and generate the texture from 10 hand picked frames using

a differentiable renderer [214]; though this is just one possible way to generate the texture

[167]. We render the textured body mesh with back face culling enabled and overlay it over

clean plates (i.e., images of the capture volume without any actor). The virtual camera

parameters are set to our calibration of the real cameras. The optical flow is computed

from the synthetic images to the undistorted real images using FlowNet2 [215] with the

default settings. Because our mesh does not have the hands and the head, we first render

a foreground mask of our body mesh (Figure 6.17c). We only evaluate the optical flow

on the region covered by the foreground mask to exclude the hands, the head and the

background. The foreground mask cannot exclude the hands and the head when they

are occluding the body (as in Figure 6.17a, b) but, fortunately, the optical flow is robust

to missing parts (see Figure 6.17d). We use optical flow to compare the original images

with two types of renders: 1) our low-dimensional refined body model (the gray mesh in

Figure 6.10c, which does not fit the reconstructed corners exactly), 2) our final result after

adding non-articulated displacements (Figure 6.10f). Figure 6.18a plots the average optical

flow norm for each frame for consecutive 2000 frames, including various challenging poses

and fast motions. We can see that the result with non-articulated displacements is much

more accurate than only our low-dimensional refined body model. This is mainly due

to flesh deformation which is not well explained by the refined body model, especially

in more extreme poses which correspond to the spikes in the blue curve in Figure 6.18a.
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The red curve corresponds to our final result which exhibits consistently low optical flow

errors.

We also plot the distribution of the optical flow norm for each pixel in the foreground

mask in Figure 6.18b. With our final animated mesh, 95% of pixels have optical flow norm

less than 1.20 and 99% of pixels have optical flow norm less than 2.46.

6.6 Discussions
We prove some qualitative results in Figure 6.19. An obvious limitation of our method

is the necessity of wearing a special motion capture suit. A suit can in principle slide

over the skin, but we did not observe any significant sliding in our experiments because

our suits are tightly fitting. If this became a problem in the future, we could increase

adhesion with internal silicone patches as in sportswear, or even apply spirit gum or

medical adhesives. The suit needs to be made in various sizes and fit may be a challenge

for obese people. The holy grail of full-body capture is to get rid of suits and instead

rely only on skin features such as the pores, similarly to facial performance capture. We

tried imaging the bare skin, but with our current camera resolution (4000× 2160) we were

unable to get sufficient detail from the skin. We could obtain more detail with narrower

fields of view and more cameras to cover the capture volume, but then there are issues with

the depth of field and hardware budgets. Additional complications of imaging bare skin

are body hair and privacy concerns; our suit certainly has its disadvantages, but mitigates

these issues. A significant advantage of our suit compared to traditional motion capture

suits is that we do not need to attach any markers (reflective spheres; see Figure 6.2a).

Traditional motion capture markers can impede motion or even fall off, e.g., when the actor

is rolling on the ground. An intriguing direction for future work would be to enhance our

suit with additional sensors, in particular EMG, IMU or pressure sensors on the feet.

In this paper we focused on the body and ignored the motion of the face and the hands.

Our actors are wearing sunglasses because our continuous passive lights are too bright; the

perceived brightness could be reduced by lights which strobe in sync with camera shutters,

but this would require significant investments in hardware. In future work, our method

could be directly combined with modern methods that capture the motion of the face and

the hands [136, 137, 127, 128]. We note that our current system captures the motion of the
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feet, but not the individual toes.

Our current data processing is off-line only. We believe it should be possible to create

a real-time version of our system. This would require machine vision cameras tightly

integrated with dedicated GPUs or tensor processors for real-time neural network infer-

ence. Each such hardware unit could emit small amounts of data: only information about

the corner locations and their labels, avoiding the high bandwidth requirements typically

associated with high-resolution video streams.

Another avenue for future work involves research of different types of fiducial markers

that can be printed on the suit. In fact, we made initial experiments with printing on

textiles and sewing our own suits, which gives us much more flexibility than handwritten

two-letter codes discussed in this paper. Our pipeline for reconstructing labeled 3D points

does not make any assumptions about the human body, which means that we could apply

our method also for capturing the motion of clothing or even loose textiles such as a

curtain.
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(a) (b)

Figure 6.9: Visualization of the hole filling. (a) The quad structure corresponding to our
suit has holes due to the zipper and the seams; (b) The completed rest pose mesh.
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(a) (b) (c)

(d) (e) (f)

Not exact fit 

Figure 6.10: Our hole-filling pipeline: (a) an input image; (b) 3D points P reconstructed
from input images and connected with quads; (c) our refined body model (gray) does not
fit P exactly (transparent rendering shows discrepancies); (d) inverse skinning, mapping P
to the rest pose; (e) rest pose mesh interpolation, matching the inverse-skinned P exactly;
(f) the final result obtained by forward skinning of the interpolated rest pose mesh.



162

(a)

(b)

Figure 6.11: Examples of errors made by RejectorNet. (a) False positives; even though the
codes are legible, these samples were labeled negative due to slight image imperfections.
(b) False negatives, labeled positive but close to the decision boundary.

(a) (b)

(c) (d)

Figure 6.12: Comparison between different corner detectors. (a) Our CornerdetNet; (b)
Shi-Tomasi; (c) Harris; (d) SuperPoint.
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(a)

(b)

Figure 6.13: Comparison of histograms of reprojection errors in 3D reconstruction and
camera calibration. (a) Distribution of reprojection errors computed per camera for all the
3D reconstructed corners in 10000 consecutive frames. (b) The distribution of reprojection
errors of camera calibration. We can see those two histograms look very similar.
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(a)

(b)

(c)

Figure 6.14: Our results in challenging poses. Our reconstructed mesh (visualized as
green wireframe) closely matches the checkerboard pattern in the original input images
(background). Note the successful isolated code recognitions on the feet in (a) and (b).
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Figure 6.15: Histograms of fitting errors of the initial body model and the refined body
model on the training set and the test set.

Figure 6.16: The fitting errors on the body model; left: an initial body model which is just
a re-meshing of the STAR model; right: our final refined body model.
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(a) (b) (c) (d)

Figure 6.17: Evaluation the accuracy using optical flow. (a) The input image. (b) The
synthetic image rendered from our body mesh. (c) The foreground mask of our body
mesh. (d) The optical flow between the synthetic image (b) and the real one (a). The angle
of flow is visualized by hue and the magnitude of flow by value in HSV color model.
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(a)

(b)

Figure 6.18: Optical flow errors. The blue curves correspond to a low-dimensional refined
body model only; the red curves correspond to our final results including non-articulated
displacements. (a) The plot of average optical flow norm in a motion sequence of 2000
frames (we show four example frames below the graph). (b) Histograms of per-pixel
optical flow norms for the same sequence.
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Figure 6.19: Results in challenging poses. From the left to right: 1) input images, 2)
raw 3D reconstructions with holes, 3) our final meshes after interpolating non-articulated
displacements, and 4) wireframe rendering of the final meshes overlaid with the original
images.
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Table 6.1: Composition of our training data. The original training set is the training set
before data augmentation from 20 annotated images. The test set A is from 4 annotated
images of our 3 actors wearing the hand-drawn suit who appeared in the training set. The
test set B contains images of fourth actor wearing a suit with printed font.

Type of Data CornerdetNet RejectorNet RecogNet
Original Training Set 667320 21257 7402
Augmented Training Set 5678934 121060 118432
Synthetic Training Set NA NA 214471
Test set A 136500 3372 1245
Test set B (printed suit) 134641 3523 900
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(a)
Con-
fu-
sion
ma-
trix
on
train-
ing
set.

n=5678934 Actual True Actual False
Prediction True 2.533% 0.587%
Prediction False 0.02% 96.86%

(b)
Con-
fu-
sion
ma-
trix
on
test
set
A.

n=136500 Actual True Actual False
Prediction True 1.7% 0.44%
Prediction False 0.051% 97.81%

(c)
Con-
fu-
sion
ma-
trix
on
test
set
B
(printed
suit).

n=134641 Actual True Actual False
Prediction True 1.214% 0.34%
Prediction False 0.021% 98.432%

(d)
Max/mean/median
of
cor-
ner
lo-
cal-
iza-
tion
er-
ror
in
pix-
els.

Data set Max Mean Median
Training set 1.959 0.1793 0.1448
Test set A 0.9485 0.2121 0.1904

Test set B (printed suit) 1.081 0.2321 0.1866

(e)
Per-
centiles
of
cor-
ner
lo-
cal-
iza-
tion
er-
ror
in
pix-
els.

Data set 95% 99% 99.9% 99.99%
Training set 0.4613 0.6611 0.9115 1.166
Test set A 0.5151 0.6361 0.8912 0.9428

Test set B (printed suit) 0.5831 0.6331 0.9684 1.083
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Table 6.3: Confusion matrix on training set.

n=121060 Actual True Actual False
Prediction True 13.133% 0.243%
Prediction False 0.034% 86.59%

Table 6.4: Confusion matrix on the test set A.

n=3372 Actual True Actual False
Prediction True 1.305% 0.297%
Prediction False 0.0% 98.399%

Table 6.5: Confusion matrix on the test set B (printed suit)).

n=3523 Actual True Actual False
Prediction True 2.286% 0%
Prediction False 0.6812% 97.03%

Table 6.6: Classification accuracy for RecogNet trained with/without synthetic training
data.

With synthetic
training set

Classification Accuracy
Real Synthetic

Test A Test B
Training Training

No 99.940% NA 99.522% 85.16%
Yes 99.967% 94.849% 99.919% 100%

Table 6.7: Comparison of classification accuracies.

CornerdetNet Shi-Tomasi Harris SuperPoint
True Positives 928 400 867 901
False Negatives 11 540 73 39
False Positives 30 779 12413 3094

Table 6.8: Comparison of mean localization errors.

CornerdetNet Shi-Tomasi Harris SuperPoint
Localization
Error

0.2321 0.3135 0.3081 0.4937

Table 6.9: Comparison of text recognizers’ prediction accuracies.

RecogNet Tesseract-OCR
test set A 99.919% 19.26%
test set B 100% 61.93%
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Table 6.10: Percentiles of reprojection errors computed per camera for all the reconstructed
points in a consecutive sequence of 10000 frames.

95% 99% 99.9% 99.99%
0.6979 1.009 1.409 3.376



CHAPTER 7

CONCLUSION

In conclusion, our research has introduced several innovative methods and techniques

for various simulation and motion capture challenges, demonstrating significant advance-

ments in efficiency, robustness, and applicability.

• We presented Vertex Block Descent (VBD), an efficient iterative descent-based solu-

tion for optimization problems, particularly beneficial for physics-based simulations

with implicit Euler integration defined through a variational formulation. We elab-

orated on the intricacies of elastic body dynamics using VBD, including damping,

constraints, collisions, and friction. Notably, we introduced an adaptive initialization

technique and momentum-based acceleration to enhance convergence. We also dis-

cussed the effective parallelization of VBD, highlighting its vertex-level computation

which improves the parallelization of Gauss-Seidel iterations. Our results confirmed

VBD’s ability to manage highly complex simulation cases, remain stable under ex-

treme conditions, and offer fast convergence.

• We developed a formal definition and algorithm for finding the shortest path to

the boundary in the context of self-intersections. This method efficiently handles

self-collisions and inter-object collisions by combining DCD with CCD. The algo-

rithm has been tested in highly complex simulation scenarios involving collisions

and rest-in-contact conditions, showing robust performance with minimal computa-

tional overhead.

• We extended the shortest path algorithm to effectively handle codimensional objects

in simulations where penetration must be strictly avoided. Our novel approach

involves offsetting the entire surface to ensure that contact forces remain orthogo-

nal, preventing stretching artifacts and allowing for a larger contact distance. This

reduces the stiffness of the contact energy, which is a significant issue in existing
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methods like Incremental Potential Contact (IPC). Additionally, we introduced a

variable max displacement bound for each vertex, allowing those far from contact

to fully utilize the solver’s descent step and thereby significantly improving conver-

gence. Our techniques are designed as local operations, enabling massive parallelism

without the need for global synchronization. This allows for efficient implementa-

tion on GPUs, facilitating real-time, large-scale, penetration-free simulations. Both

the contact force computation and penetration-prevention technique are local opera-

tions, enabling massive parallelism without global synchronization. This, combined

with a fully parallel solver, allows for efficient implementation on GPUs, achieving

real-time, large-scale, penetration-free simulations.

• We introduced a novel motion capture suit capable of capturing over 1000 uniquely

labeled points on a moving human body. This was achieved using a checkerboard-

type corner design with two-letter codes for unique labeling, supported by a multi-

camera system built from off-the-shelf components. Our approach demonstrated

superior cost-efficiency compared to traditional full-body 3DMD setups and handled

a wider variety of motions, including gymnastics and yoga poses. The method’s in-

dependence from temporal coherence enhances its robustness to dis-occlusions and

facilitates parallel processing. We have made our code and data publicly available,

with plans to release an optimized version as open-source software.

Together, these contributions provide substantial improvements and future directions

for physics-based simulations, collision detection & handling, and inverse physics prob-

lems.



APPENDIX A

PROOF OF THEOREMS FOR

SHORTEST PATH TO SURFACES

A.1 Proof of Theorems
A.1.1 Theorem 1

We first prove this lemma:

Lemma 1. For any point p ∈ M, its shortest path to the boundary as p is a line segment.

Proof. Let’s assume that p’s shortest path to boundary as p is not a line segment, and p’s

closest boundary point as as p is s (as s). Then there must be a curve on the undeformed

pose: c(t) : I 7→ M, c(0) = p, c(1) = s, s.t., c(t) = Ψ(c(t)) is p’s shortest path to boundary.

Since ∇Ψ > 0, we know that Ψ is locally bijective. Thus, according to Heine–Borel

theorem [216], we can have a limited number of open sets A covering M, such that Ψ is

bijective on each open set in A. We can select a subset A0 ⊆ A, such that c(I) is totally

contained by A0= the union of A0; see Figure A.1a.

We then construct a cluster of curves: h(u, t) = uc(t) + (1− u)l(t) : I × I 7→ M, such

that, h(0, t) = c(t), h(1, t) = l(t), ∀t ∈ I, where l(t) is the line segment from p to s; see

Figure A.1b. h(u, t) will smoothly deformed from c(t) to l(t) as u changes from 0 to 1.

Note that any moment u, the length of the curve: cu(t) = h(u, ·) must be shorter than c(t).

Since c(I) ∈ A0 = Ψ(A0), there must exist a u0 > 0, such that, h([0, u0], I) ∈ A0.

Additionaly, because Ψ is bijective on A0, we can define a undeformed pose curve cluster:

h(u, t) = Ψ−1(h(u, t)) : [0, u0]× I 7→ A0; as shown in Figure A.1a.

We can then select another group open setA1 containing h(u0, I), and repeat the above

procedure. This will give us another cluster of curves: h(u, t) = Ψ−1(h(u, t)) : [u0, u1]×

I 7→ A0. During such process, the curve will not touch the boundary of the model,

otherwise, there will be a shorter curve connecting p and the boundary, which violates our
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assumption. Since A is a limited set, we can eventually obtain a h(u, t) : [uk, 1]× I 7→ M

within a limited k + 1 steps, such that Ψ(h(1, t)) = l(t), ∀t ∈ I, h(1, 0) = p and h(1, 1) = s.

Here we have proved that l(t) is a valid path, which must be shorter than c(t) due to

Euclidean metrics. Hence creating a contradiction.

With Lemma 1, the proof of Theorem 1 becomes trivial. Since the shortest path to the

boundary must be a valid path, of course it should be the shortest valid line segment to

boundary.

A.1.2 Theorem 2

The proof of Theorem 2 is similar to Theorem 1. Say the closest boundary point is s′ ∈ f

(as s′) and the Euclidean closest boundary point on f is s (as s), where f is a boundary face.

We also construct a cluster of curves: h(u, t) = ul(t) + (1− u)l′(t)I × I 7→ M, where l′(t)

and l(t) are the line segment from p to s′ and s, respectively. This h(u, t) also holds the

property that at any given moment u, the length of the curve: cu(t) = h(u, ·) must be

shorter than l′(t).

Note that instead of fixing two ends, we only fix one end of h(u, t), as it deforms from

l′(t) to l(t). Because Ψ is bijective on each boundary face, we can explicitly construct the

line segment on the undeformed pose that goes from s′ and s, this allows us to move the

position of the end point.

Similar to Lemma 1, we can induce a cluster of curves on the undeformed pose: h(u, t),

which will give us the pre-image of l(t) as h(1, t), connecting p and s. Hence we have

proven that l(t) is also a valid path from p to s. This contradicts the assumption that s′ is

the closest boundary point.

A.1.3 Element Traverse and Valid Path

We can give an equivalent definition of a curve being a valid path in the discrete case.

Theorem 3. A line segment connecting a ∈ ea and b ∈ eb in a mesh, is a valid path if and only it

is included by element traverse from ea to eb.

Proof. Sufficiency. If there exists such a element traverse T (a, b) = (e1, e2, e3, . . . , ek−1, ek),

s.t., e0 = ea and ek = eb, we can explicitly construct a continuous piece-wise linear curve
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c(t) defined on them, whose image is c(t). We do this by making a division of I: I =

[t0, t1] ∪ [t1, t2] ∪ [t2, t3] ∪ · · · ∪ [tk−1, tk], where t0 = 0, tk = 1, t0 ≤ t1 ≤ t2 ≤ · · · ≤

tk. The division can be obtained by making ti
ti+1

= |ri−rr+1|
|ri+1−ri+2| , ∀i = 1, 2, . . . , k + 1, where

ri = Ψ|−1
ei
(ri) is the preimage of the line segment’s exit point from ei. The curve can be

constructed as:

c(t) =
t− ti

ti+1 − ti
ri + (1− t− ti

ti+1 − ti
)ri+1, if t ∈ [ti, ti+1] (A.1)

Necessity. Suppose we have a curve on the undeformed pose c(t) connecting a, b,

whose image under Ψ is a line segment. If c(t) passes no vertex of M, we directly obtain

an element traversal by enumerating the elements that c(t) passes by as t continuously

changes from 0 to 1.

When c(t) passes a vertex v of M, assume it goes from ei to ei+1 at that point. According

to the definition of a manifold, we can search around that v and guarantee to have an

element traversal from ei to ei+1 formed by elements adjacent to v.

The case of c(t) passing an edge can be proved similarly.

A.1.4 Further Discussion on Inverted Elements

The line segment sp is only a subset of such a path constructed by our algorithm. In

fact, in this case, the length of path c(t) is evaluated by this formula:∫ 1

0
sign((s− p)r′(t)|r′(t)|dt (A.2)

which means, in the presence of inverted tetrahedra, that the length of c(t) grows as it

goes in the direction of s − p, and decreases if it goes in the opposite direction, which

happens when it passes through the inverted tetrahedron. This is understandable because

when solving the self-intersection, the penetrated point does not need to go back and

forth, it only needs to pass through the overlapping part once. Thus the length of the

overlapping part should only count once. With inverted tetrahedra, our algorithm is

actually constructing the shortest line segment connecting p and a surface point under

the metrics introduced by Eq.A.2.
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𝜕𝜕 �𝑀𝑀 Ψ(𝜕𝜕 �𝑀𝑀)

𝐴̅𝐴0

𝒍̅𝒍 (𝑡𝑡) �𝒄𝒄 (𝑡𝑡) 𝐜𝐜(𝑡𝑡)

𝐴𝐴0

𝐡𝐡(𝑢𝑢0, 𝑡𝑡)

𝒍𝒍(𝑡𝑡)

𝐡̅𝐡 (𝑢𝑢0, 𝑡𝑡)

Ψ−1

(a) (b)
Figure A.1: Constructing the undeformed pose curve. (a) The undeformed pose. (b) The
deformed pose.



APPENDIX B

DATA GENERATION AND ANNOTATION

FOR OUR CAPTURE SYSTEM

B.1 CNN Structures
B.1.1 CornerdetNet

The input to CornerdetNet is the 8× 8 cell where a corner is being sought (Figure B.1),

including a 6-pixel margins added to each side (Figure B.2b), making the input crop size

20× 20. These margins allow us reliably detect even the corners close to the boundaries of

the 8× 8 cell. The 6-pixel margins overlap with adjacent cells (Figure B.2b), but the 8× 8

cells do not overlap. The CornerdetNet outputs three floating-point numbers. The first one

is a logit of a binary classifier predicting whether a corner is present or not, and the other

two are normalized coordinates ([0, 1]× [0, 1]) of the corner relative to the 8× 8 cell. The

training loss for CornerdetNet is:

Lc(p∗, p; c∗, c) = Lp(p∗, p) + λc p||c− c∗||22 (B.1)

where λc balances the prediction loss and localization loss; we set λc = 200 when training

CornerdetNet. p∗ represents the logit of the binary classifier, c∗ represents the prediction

of corner location, p and c represents the ground truth respectively, and Lp(p∗, p) is cross

entropy.

B.1.1.1 Corner Clustering and Refinement

When a corner lies exactly on the boundary of two 8× 8 cells, it can be detected more

than once (Figure B.1a). To fix such duplicate detections, we perform a clustering pass:

if any two detected corners are too close (¡ 3 pixels), we discard the one with the lower

logit value. Since this might introduce additional localization noise, we generate new

crops randomly perturbed around the original corner positions, run localization on each

of these crops and average the results in global pixel coordinates; see Figure B.1b. This



180

(1, 0.463, 1.012)

(1, 0.459, 0.003) …
(a) (b)

Average

(463.3, 787.2)

(463.5, 787.3)

(463.1, 787.7)

(463.3, 787.3)

Figure B.1: Design of our corner detector. (a) A corner is detected twice because it is on the
boundary between 2 cells. In the parentheses are the CornerdetNet outputs on each crop.
(b) The re-crops generated for a detected corner. In the parentheses are the corner position
in global pixel coordinates.

(1, 0.72, 0.28)

(0, -, -)

…(0, -, -)

(0, -, -)

(a) Input Image (b) 20 × 20 Cropped 
Subimages

(c) CornerdetNet (d) Output

Inputs
1@20×20 10@16×16 10@8×8 20@4×4 320 100 80 50

Outputs
3

Conv.
5×5 Max-pool

2×2 Conv.
5×5

Flatten

Fully connected…
…

…

……

Figure B.2: Architecture of CornerdetNet. (a) The input image is divided into a regular grid
of 8× 8 cells. (b) Each cell is expanded by a margin and the corresponding expanded crop
is passed as input to CornerdetNet. (c) The architecture of our CornerdetNet. (d) Example
outputs; even though there is a corner in the second image, it is outside of the inner 8× 8
cell, thus the detector correctly reports 0 (no corner).

helps especially when corners are crossing the boundaries of the 8× 8 cells (Figure B.1a).

B.1.2 Quad Classifiers

B.1.2.1 Candidate Quad Generation

It would be wasteful to enumerate all 4-tuples of corners for further processing by

neural networks. Therefore, we first apply simple criteria to filter out quads that cannot

contain a valid code. We start by iterating over all the corners, and for each corner,
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Max-pool
2×2 Flatten

Conv.
5×5

Max-pool
2×2 Conv.

5×5
Max-pool

2×2
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5×5

Max-pool
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1@104×104 12@100×100 12@50×50 25@46×46 25@23×23
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Conv.
5×5
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100@5×5
100@2×2 400 120 80 50

Output
1

Conv.
5×5

Max-pool
2×2

Conv.
5×5

Max-pool
2×2

Conv.
5×5

Max-pool
2×2

Inputs
1@104×104 12@100×100 12@50×50 25@46×46 25@23×23

50@19×19
50@9×9

Output
254050 120 80 50 (character 1)

Fully connected
Flatten

(a) Candidate 
Quad

(b) Homography
Transformation (c) CNN Classifiers

RejectorNet

RecogNet

Output
254050 120 80 50 (character 2)

Figure B.3: Our quad processing pipeline: (a) Example candidate quad. (b) The undis-
torted candidate quads with margin; these images are input to our quad classifiers. (c) The
architectures of RejectorNet and RecogNet CNNs.

we select three other corners within a bounding box. When connecting corners into a

quad, we ensure that each quad is convex, clock-wise oriented and unique. Additional

filtering criteria include geometric criteria and image based criteria: geometric criteria

constrain the area, maximum/minimum edge-lengths and maximum/minimum angles

of the generated candidate quad; image based criteria constrain the average intensity,

and standard deviation of all the pixels in the generated candidate quad. To obtain the

range for each criterion, we gather statistics for each of those quantities in the training

dataset (Section 6.3) and create conservative intervals to ensure that we cannot mistakenly

reject any valid quad. The candidate quads that pass all of these early rejection filters are

transformed using homography and passed to further processing to quad classifier neural

networks. Figure 6.6c shows an example of an invalid quad and Figure 6.6d demonstrates

a valid one. Our quad processing pipeline is visualized in Figure B.3

B.1.2.2 Why Separate RejectorNet and RecogNet?

We considered combining the two networks into one, but we found that network train-

ing is easier if we treat each problem separately. Specifically, the RejectorNet should per-

form quality control of a 104× 104 standardized image, including rejection of errors made

by CornerdetNet (Figure B.6b). Because we prefer missing observations to errors, we train

RejectorNet to be conservative and reject any inputs of dubious quality. The second net-

work, RecogNet, has to recognize two characters in any image. We can make RecogNet more
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Sliding Window 

…

(0, -, -)

(1, 0.498, 0.931)

(1, 0.498, 0.550)
…

…

(a) (b) (c)

Figure B.4: Generating training data for CornerdetNet: (a) The annotated image. (b) Sliding
a 20 × 20 window across the annotated image. For each position of the window we
generate a crop – input for CornerdetNet. (c) The crop is a positive sample (1, x, y) for
CornerdetNet if it contains a valid checkerboard corner in its center 8× 8 pixels (red square);
otherwise it is a negative sample (0, -, -).

reliable by training it even on very difficult input images, enhancing the robustness of the

entire pipeline. The details of our training process and data augmentation are discussed in

Section B.2.2.

B.2 Data Acquisition
B.2.1 Data Conversion

B.2.1.1 Corner Detector

We generate the training data for CornerdetNet by sliding a 20× 20 window with stride

1, as shown in Figure B.4b. Each of the 20× 20 crops is an input to CornerdetNet, labeled

positive if and only if an annotated corner lies inside its center 8× 8 pixels. For positive

samples we also compute the sub-pixel corner coordinates relative to the 8× 8 cell.

B.2.1.2 Quad Classifiers

We start by generating candidate quads from the annotated corners in the manually

annotated images using the algorithm discussed in Section B.1.2. Note that the same

quad generation algorithm will be used during deployment, i.e., when processing new

motion sequences. The quad generator is conservative and creates many quads that do not

correspond to valid white squares; see Figure B.5c. However, we know which quads are

valid, because all of the valid ones were manually annotated; see Figure B.5a. This allows
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(a)

(c) (d)
…
(e)

(0, -) (0, -) (0, -) (0, -)

(0, -) (0, -) (0, -) (0, -)

(0, -) (1, 5T) (0, -) (0, -)

(0, -) (0, -) (0, -) (0, -)

(b)

Figure B.5: Generation of quad annotations. (a, b): Manual quad annotations. (c)
The candidate quads generated using the algorithm from Section 6.2.5. (d) Selection of
valid quads. (e) Homography-transformed quads with four possible rotations, including
ground truth labels for training RejectorNet and RecogNet.
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us to automatically generate both positive and negative examples for a given candidate-

quad generator; see Figure B.5d. These 104 × 104 images are used to train RejectorNet.

It is important that the quad generator used during deployment is identical to the quad

generator used when generating the training data for RejectorNet. The two-letter code

annotations of the valid quads are then using to train RecogNet.

B.2.2 Data Augmentation and Synthetic Data

B.2.2.1 Data Augmentation

All of the crops generated from annotated images as described in the Section B.2.1

are augmented by applying intensity perturbations (contrast, brightness, gamma). In

addition, we also apply geometric deformations on each input image. For the corner

detector, we also augment the training data by generating random rotations of each image,

because checkerboard-like corners are rotation invariant.

Different data augmentation approaches need to be applied to RejectorNet and RecogNet.

For the RejectorNet, we blur the image using Gaussian filter and add elastic deformation

using thin-plate splines [217] to simulate skin deformation. We constrain the elastic defor-

mations to fix the checkerboard-like corners in place; see Figure B.6a, otherwise positive

examples could be turned into negative ones. We also use this fact to our advantage: if we

displace a checkerboard-like corner of a valid white square, we obtain a new (augmented)

negative example, simulating the case when quad’s corners have not been correctly local-

ized; see Figure B.6b.

Since RecogNet is required to predict characters from any input image, we can afford

to augment our data more aggressively. Specifically, we use much more significant geo-

metric distortions, intensity variations, blurring and additional noise; see Figure B.6c. This

aggressive data augmentation has an interesting effect: the performance on the training

data becomes worse, since we made the recognition task more difficult. However, we

obtain better performance on the test set, which is what matters. This agrees with human

intuition: if students are given harder homework (training), they will likely perform better

in their first job.
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B.2.2.2 Synthetic Data

To further enhance the diversity of our training data, we also generated synthetic data

sets by rendering an animated SMPL [134] model. We use synthetic data only for training

the RecogNet, because this was the bottleneck in the overall pipeline. We textured the body

mesh with the same checkerboard-like pattern as used in the real suit and applied anima-

tions from a public motion capture database [218]. We randomly generated new two-letter

codes, including variations in font types and sizes to emulate the handwriting of the codes.

For each animation frame, we rendered images with virtual cameras, simulating our real

capture setup by copying the intrinsic and extrinsic parameters from our real cameras.

The visibility of corners in the rendered images is determined using ray tracing. To control

the quality of quads that will be added to the training set, we check for corner visibility

and use a classifier considering the quad’s 3D normal direction and quad geometry in the

rendered image.
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(a) (c)(b)

Figure B.6: Visualization of data fed to RejectorNet. (a) The augmented positive training
data for RejectorNet. (b) We generate negative training samples for RejectorNet by warping
one or more corners of a positive sample away from its original location, which simulates
the case that the quad’s corners were not correctly localized. (c) The data augmentation
for RecogNet is aggressive, including significant blurring and large elastic deformations.
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Conjugate gradients and multigrid,” ACM Trans. Graph., vol. 22, no. 3, p. 917–924,
July 2003. [Online]. Available: https://doi.org/10.1145/882262.882364

https://doi.org/10.1145/1198555.1198573
https://doi.org/10.1145/1198555.1198571
https://doi.org/10.1145/1198555.1198571
https://onlinelibrary.wiley.com/doi/10.1111/1467-8659.00524
https://doi.org/10.1007/978-3-7091-6344-3_11
https://doi.org/10.1137/080732936
https://doi.org/10.2312/SCA/SCA05/181-190
https://dl.acm.org/doi/10.1145/2231816.2231821
https://doi.org/10.1145/566654.566578
https://doi.org/10.1145/545261.545268
https://doi.org/10.1145/882262.882364


189

[22] R. Tamstorf, T. Jones, and S. F. McCormick, “Smoothed aggregation multigrid
for cloth simulation,” ACM Trans. Graph., vol. 34, no. 6, p. 245, November 2015.
[Online]. Available: https://doi.org/10.1145/2816795.2818081

[23] Z. Xian, X. Tong, and T. Liu, “A scalable galerkin multigrid method for real-time
simulation of deformable objects,” ACM Trans. Graph., vol. 38, no. 6, p. 162,
November 2019. [Online]. Available: https://doi.org/10.1145/3355089.3356486

[24] X. Wang et al., “Hierarchical optimization time integration for cfl-rate mpm
stepping,” ACM Trans. Graph., vol. 39, no. 3, p. 21, April 2020. [Online]. Available:
https://doi.org/10.1145/3386760

[25] Y. Zhu, E. Sifakis, J. Teran, and A. Brandt, “An efficient multigrid method for the
simulation of high-resolution elastic solids,” ACM Trans. Graph., vol. 29, no. 2, p. 16,
April 2010. [Online]. Available: https://doi.org/10.1145/1731047.1731054

[26] M. Müller, J. Dorsey, L. McMillan, R. Jagnow, and B. Cutler, “Stable real-time
deformations,” in Proc. of the 2002 ACM SIGGRAPH/Eurographics Symp. on Comput.
Animation, San Antonio, TX, USA, July 21-22, 2002, ser. SCA ’02, 2002, pp. 49–54.
[Online]. Available: https://doi.org/10.1145/545261.545269

[27] T. Liu, S. Bouaziz, and L. Kavan, “Quasi-newton methods for real-time simulation
of hyperelastic materials,” ACM Trans. Graph., vol. 36, no. 4, p. 116a, July 2017.
[Online]. Available: https://doi.org/10.1145/3072959.2990496

[28] I. Chao, U. Pinkall, P. Sanan, and P. Schröder, “A simple geometric model for
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l’École normale supérieure, vol. 12, 1895, pp. 9–55.

[217] S. N. Wood, “Thin plate regression splines,” J. of the Roy. Statistical Soc.: Ser. B
(Statistical Methodology), vol. 65, no. 1, pp. 95–114, 2003.

[218] N. Mahmood, N. Ghorbani, N. F. Troje, G. Pons-Moll, and M. J. Black, “AMASS:
Archive of motion capture as surface shapes,” in Int. Conf. on Comput. Vis., October
2019, pp. 5442–5451.

https://www.tensorflow.org/
https://www.tensorflow.org/
https://doi.org/10.1109/CVPR.1994.323794
https://doi.org/10.5244/C.2.23
https://doi.org/10.1109/ICDAR.2007.4376991
https://doi.org/10.1109/CVPR.2017.179

	Abstract
	LIST OF TABLES
	=10000=10000=0 Introduction
	Zero-Compromised Simulator
	Collisions of Volumetric and Codimensional Objects
	Proper Collision Energy for Self-Intersecting Volumetric Models
	Accelerated Penetration-Free Simulation for Codimensional Objects

	Obtaining High-Quality Data of Deformation to Calibrate the Simulator

	=10000=10000=0 Background
	Fundamental Problem of Physics-Based Simulation
	Solvers for Physics-Based Simulation
	Collision Resolution
	Self Collision
	Penetration Free Deformable Body Simulation
	Line Search Based Methods
	Trust-Region-Based Methods
	Offset Geometry
	Gauss Map


	Capturing Deformation of Non-Rigid Objects

	=10000=10000=0 Vertex Block Descent
	Vertex Block Descent for Elastic Bodies
	Global Optimization
	Local System Solver
	Damping
	Constraints
	Collisions
	Friction
	Initialization
	Accelerated Iterations
	Parallelization

	GPU Implementation
	VBD for Other Simulation Systems
	Particle-Based Simulations
	Rigid Body Simulation
	Unified Simulations

	Results
	Large-Scale Tests
	Unit Tests
	Stress Tests
	Convergence Rate
	Comparisons to XPBD

	Discussion

	=10000=10000=0 Shortest Path to Boundary for Self-Intersecting Meshes
	Shortest Path to Boundary
	Shortest Path to Boundary
	Shortest Path to Boundary for Meshes
	Robust Topological Ray Traversal
	Intersections of Different Objects
	Inverted Elements
	Infeasible Region Culling
	Vertex Feasible Region
	Edge Feasible Region
	Face Feasible Region


	Collision Handling Application
	Results
	Stress Tests
	Solving Existing Intersections
	Large-Scale Experiments
	Performance
	Comparisons to Rest Shape Shortest Paths

	Discussion

	=10000=10000=0 Offset Geometry Contact
	Contact Force
	Basic Contact Model
	Contact Face Set
	Polyhedral Gauss Map
	Constructive Definition of Blocks
	Contact Face Set
	Penetration Depth
	Offset Geometry for Edge-edge Contact
	A C2 Continuous 2-Stage Activation Function
	Friction

	Penetration-Free Simulation
	Comparing to IPC
	Offset Geometry for Mesh with Different Dimensionalities

	Algorithm
	Vertex Facet Contact
	Edge Edge Contact
	Simulation Pipeline
	Contact Detection
	Simulation Solve
	Conservative Bound Truncation


	Results
	Cloth Simulation
	Large Scale Test
	Stress Tests
	Coupled Cloth Simulation

	Yarn Level Simulation
	Convergence
	Quantitative Comparison to Incremental Potential Contact
	Qualitative Comparison to Incremental Potential Contact
	Work with Large Contact Radius
	Numerical Damping


	Discussions
	Comparing Activation Functions


	=10000=10000=0 Capturing Detailed Deformations of Non-rigid Objects
	System Summary
	3D Reconstruction of Labeled Points
	Suit
	Camera System
	Image Processing Pipeline
	Corner Detector
	Corner Labeling and 3D Reconstruction
	Quad Classifiers
	Corner Labeling and 3D Reconstruction
	Error Filtering


	Data Acquisition and Neural Network Training
	Filling Missing Observations with Refined Body Model
	Actor-Specific Model Optimization
	Initialization
	Model Refinement

	Point Cloud Completion

	Results
	Evaluation of CNNs
	Cornerdet
	RejectorNet
	RecogNet
	Overall Performance

	Comparison to Previous Methods
	CornerdetNet
	RecogNet

	3D Reconstruction Accuracy
	Metrics
	Quantitative Evaluation
	Qualitative Evaluation

	Evaluation of Body Model Refinement
	Evaluation with Optical Flow

	Discussions

	=10000=10000=0 Conclusion
	=10000=10000=0 Proof of Theorems for Shortest Path to Surfaces
	=10000=10000=0 Data Generation and Annotation for Our Capture System
	REFERENCES

